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ABSTRACT

Imaging objects in space is of interest to both astronomers and government agencies alike.
Various government agencies are interested in maintaining situational awareness in the final
frontier by direct monitoring of space-based assets. Monitoring man-made objects requires
direct imaging techniques. However, corruption by the Earth’s atmosphere makes direct
imaging more difficult. Techniques such as speckle imaging have been employed to “freeze”
the atmosphere and recover the underlying object with high fidelity. State-of-the-art speckle
imaging techniques, namely Multi-Frame Myopic Deconvolution (MFMD), rely on wavefront
sensing to provide accurate Point-Spread Functions (PSFs) for recovery of the underlying
object. First, we show successful recoveries of simulated scenes with spatially-varying PSF's.
We show that, for fields once considered isoplanatic, there are considerable advantages to in-
cluding anisoplanatic effects in the recovery process, such as improved accuracy on recovered
flux ratios and improved object morphology. This allows for full atmospheric tomography
and improves the fidelity of both on- and off-axis sources. Typically, speckle images are
collected across a narrow bandpass. Here we also extend speckle imaging to a broad spec-
tral range (AX ~ 600 nm), i.e. hyperspectral speckle imaging, using numerical simulations
of broadband speckle images. This brings with it vital gains in sensitivity and improved
sampling of the wavefront from chromatic effects. From this, spectral information on the
target is recovered, which could pave the way for future material aging studies. Finally, to
complement these numerical studies we built a suite of optical experiments to simulate turbu-
lence and simulate wavefront sensing instruments. We also develop and deploy the ARGOS
2-channel broadband imaging instrument on the Hard Labor Creek Observatory (HLCO)
0.7m telescope with limited success.

INDEX WORDS: Speckle Imaging, Wavefront Sensing, Instrumentation, Space
Domain Awareness, Hyperspectral Imaging
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CHAPTER 1

Introduction

In the 1950s, we as a society made the first steps to explore the vast unknown that sur-
rounds the Earth with the launch of Sputnik 1. Since then, humanity has set foot on the
Moon, sent landers to Venus and rovers to Mars, and sent advanced instruments to the other
planets and bodies in the Solar system. Additionally, we have chosen to enrich our day-to-
day lives by connecting people and systems with wireless technology, such as the GPS for
navigation and satellite TV for entertainment, among other things. In the military world,
satellite technology helps maintain communication and situational awareness by relaying
meteorological information to ground-based units, feeding military intelligence with satellite
imagery, and by connecting remote operators to their far-away peers. Given the vast range
of capabilities brought by satellite technology, it is of utmost importance to the common
person, private corporations, and the military that these satellites are monitored and pro-
tected. This task makes up the field of Space Domain Awareness (SDA). According to the
United Nations Office for Outer Space Affairs’ Online Index of Objects Launched into Outer
Space!, there are over 13,000 satellites in orbit providing a variety of services and taking a
variety of measurements, as of September 2024. All of these spacecraft have a finite shelf
life, meaning that they could one day become a hazard to active satellites if they become
inoperable or reach their end-of-life. As is seen in Fig. 1.1, the presence of space debris
has increased significantly in recent decades, posing an ever-increasing threat as we launch

more objects into orbit. These space objects are distributed into several different orbital

'https://www.unoosa.org/oosa/osoindex/index. jspx?1f_id=
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Figure 1.1 Taken from [1]. Shows the total number of space objects per year (black) between
1957-2022, broken down by active spacecraft (blue), dead spacecraft (red), leftover object
(green), and space debris (grey).

regimes, namely Low Earth Orbit (LEO) (~300 km-2000 km), Medium Earth Orbit (MEO)
(~2000 km—-35,000 km), and Geostationary Orbit (GEO) (~35,786 km). Further regimes,
such as Cislunar orbits and orbits at Lagrange points, are also of interest. LEO, however, is
becoming increasingly crowded, most notably by the Starlink family of spacecraft, signaling
an urgent need for accurate monitoring of this space. Compared to other orbital regimes,
satellites in LEO will appear brightest in the visible when reflecting incident sunlight and
will have the largest angular extent in the night sky due to their relatively-close proximity to
Earth. For reference, a satellite measuring 15 m in length in LEO would appear 1.57-10" in

extent, depending on orbital distance, while the same satellite in GEO would measure 0.08”



in extent. This means that satellites in LEO are likely resolvable from the ground, where the
diffraction limit of a 1 m telescope at 500 nm is roughly 0.13”. However, as will be explained
in the next section, ground-based observatories rarely operate at this resolution and suffer

at the hands of Earth’s turbulent atmosphere.
1.1 Speckle Imaging

Those interested in observing, whether natural or man-made objects, must reconcile the
fact that their observations will be corrupted by Earth’s atmosphere. Variations in density,
temperature, and pressure in the atmosphere cause variations in the index of refraction across
the volume of air above the observer. When light traverses this volume and reaches a detector
it is no longer the same as was when it first reached Earth’s atmosphere. Turbulent cells
each distort the incident wavefront independently, causing the beam of light to be spread

around the detector on the ground. A telescope’s theoretical resolution, or its diffraction-

A
D

limit resolution, goes as 6 where 6 is the angular resolution of the telescope, A is
the wavelength of light, and D is the diameter of the telescope. However, long exposure
images under the effects of turbulence, i.e. seeing-limited conditions, experience a reduced
resolution that goes as 6 % where rg is the Fried parameter and describes the size of the
turbulent cells, with 0.10 cm being typical in the visible for a site with favorable conditions
[3]. For context, the strength of the turbulence is sometimes reported as D/rg, where D

is again the diameter of the telescope. As can be seen, for any telescope above a few tens

of cm in diameter there is an appreciable loss in angular resolution. For example, an 8 m



class telescope under 17 seeing conditions will have the same effective angular resolution
as a 10 cm amateur telescope at 500 nm. Luckily, [3] theorized that the atmosphere is
effectively frozen over short timescales, the coherence time 7, typically on the order of a
few ms for visible light. This simple fact provides a very powerful means for achieving high
angular-resolution imagery. Since the atmosphere is considered frozen over these timescales,
exposures below the coherence time of the atmosphere actually preserve diffraction-limited
information captured by the telescope in the form of “speckles”, or diffraction-limited images
of the source (e.g., Fig. 1.2) that arise from interference between the waves passing through
each turbulent cell. These speckles can then be used to infer the underlying object and
even the atmospheric distortions that produced the final, scrambled image. Below we will
introduce the ideas behind Fourier optics and how they can be used to unscramble the target
from the atmosphere that it was observed through [4].

Fourier optics describes optical systems using Fourier analysis and fully capitalizes on
the wave-like nature of light. In Fourier optics an image [ is formed by the convolution of

an object O with the system’s Point-Spread Function (PSF), as in Equation 1.1 below.

I=0® PSF (1.1)

where ® is the convolution. The PSF describes how the light of a point source passing
through the optical system is disbursed and spread on a detector. The spatial frequency

content of the PSF can be computed by taking its Fourier transform, known as the Optical



Figure 1.2 Example atmospheric PSF showing speckles. These speckles retain diffraction-
limited information.

Transfer Function (OTF), given by

OTF = F(PSF) . (1.2)

The PSF of a perfect system, i.e., a diffraction-limited system, with a circular aperture
and no central obscuration is given by the Airy function. Optical systems are not perfect,
however, and typically have aberrations present that distort the PSF. These aberrations are

described by a wavefront propagating through the optical system. Since light is composed



of orthogonal, propagating electric and magnetic fields, we describe the incident wavefront
using a complex-valued “pupil” function, given by P = Ae®, where A and ¢ refer to the
complex amplitude and phase, respectively, of the wavefront. Finally, the phase of the pupil
function is related to a change in the optical path by ¢ = 27 - %, where W is the Optical
Path Difference (OPD) in units of length and A is the wavelength of the wavefront. This

pupil function can be linked to the OTF by its autocorrelation, or

OTF=P®P
(1.3)

= F(|F~Y(P)|?) (Wiener-Khinchin Theorem) ,
where ® is the correlation operator and in the second line we utilize the convolution theorem
to express the correlation in terms of Fourier transforms [5]. Combining equations 1.2 and

1.3 allows us to express the PSF as
PSF = |F~Y(P)*. (1.4)

This Fourier description of image formation is useful because any aberrations to the
wavefront can be described as a change in the phase and amplitude of the complex wavefront.
Computationally, Fourier transforms are also relatively inexpensive compared to the full
correlation and convolution computations. We will exploit this throughout the rest of this
dissertation. From here, the task becomes “deconvolution” of the object and PSF from
a set of intensity measurements. This is usually done in two separate steps where the
object and PSF are solved-for separately. When expressing the PSF using the Fourier optics

formulation in Eqn. 1.4, the step of recovering the PSF from images is known as phase



retrieval [6] and has been tackled in many disciples such as astronomy [7], crystallography
8], and medical imaging [9]. In this work, we solve the phase retrieval problem using a
gradient-descent approach, where images are modeled using Eqn. 1.1 and the discrepancy
between the measured and model images is numerically minimized. Chapter 2 introduces
additional measurements from a Wavefront Sensor (WFS) to help constrain the PSFs and

Chapter 3 extends the idea of speckle imaging to observations taken over a wide passband.

1.2 Astronomical Instrumentation

Advancements in the field of astronomy are not only dependent on the algorithms used to
reduce and analyze the data, but also on the instruments used to collect the data. The way
that data are collected needs to match the goals of the observing campaign. Because of
this, new instruments are continuously created and developed to meet specific needs. Here,
we will describe the basics of astronomical instrumentation as it applies to this work. This
should not be taken as an exhaustive guide to optics but rather as a starting point for basic

astronomical instrumentation.

1.2.1 Basic Components of an Optical System

An astronomical instrument is typically made up of an arrangement of basic optical compo-
nents. These components are carefully selected for the conditions they will be operating in.
Monochromatic optical systems are typically simpler to understand, and so we will focus on
the components of these systems first. The most basic components are plane mirrors and

lenses. Plane mirrors reflect an incident beam such that the angle of incidence is equal to



the angle of reflection. This is useful for beam steering, folding very long optical setups, and
adding optical path length to a design.

Next, lenses are used to change the convergence properties of a beam by introducing
refraction from a glass substrate. The distance at which a lens with form an image is
determined by the equation

1 1
= 4 — 1.

|

where f is the focal length of the lens, d, is the distance of the object from the lens, and d;
is the distance that the image is formed from the lens. Depending on the nature of the lens
and imaging system, the object or image distance could be negative, resulting in a “virtual”
image that cannot be projected onto a detector. The final image will not always be the same

size as the original object, leading to some magnification, given by

M=-°t, (1.6)

The sign of Equation 1.6 determines the orientation of the image relative to the optical axis,
where a negative sign indicates an inverted image formed below the optical axis. In the
context of Fourier optics, lenses also have the powerful ability to perform Fourier transforms
between collimated and focused beams. This means that an instrument can be built to
inspect and manipulate a beam in the spatial domain (object plane) or the Fourier domain
(focal plane), which can be achieved by imparting some phase (or Optical Path Difference
(OPD)) on the beam. This will be exploited heavily in the next section. Lenses are typically

used in pairs to relay the aforementioned “planes” to different points throughout our optical



system. The simplest relay system is called a 4f relay, where two lenses are separated by
the sum of their focal lengths. An object placed before the first lens will form an image
after the second lens such that the distance from object to image is fi; + fi + f2 + f2, hence
the name “4f”. A collimated input beam will maintain its collimation and will not have
experienced any optical propagation. This is useful for relaying the pupil plane of the beam
from one location to another. A diverging input beam will converge at the focal length of
the second lens, allowing the user to relay the focal plane of the beam from one location
to another. The 4f relay also allows for tight control over the magnification of the system,

where magnification is given by

_ P

M_ )
fi

(1.7)

where f; and f, are the magnifications of the first and second lens, respectively. Notice
that this magnification is not dependent on the distance of the object to the first lens or
the distance from the second lens to the final image, whereas Equation 1.6 requires precise
distance measurements to achieve a specific magnification.

An important component that is made up of simple lenses is the Micro Lens Array (MLA).
MLASs come in arrays of round lenses or square lenses and are typically characterized by their
lens pitch, or the center-to-center distance between lenslets, and their focal length. They are
one of the basic components of a Shack Hartmann (SH) wavefront sensor where the pupil
plane of the beam is relayed onto the MLA, each lenslet samples a small portion of the
wavefront, and each lenslet forms its own image. These lenslet images can then be analyzed

to glean information on the incident wavefront. In a typical Adaptive Optics (AO) system,
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the displacement of each lenslet image is used to infer the local slope of the wavefront in real
time. We will see in Chapter 2 how these lenslet images can be analyzed in post processing
to recover high-fidelity wavefronts and in Chapter 4 how to build an instrument around this
concept.

Polarization control is also important to many optical systems. The two components
most responsible for polarization control are the linear polarizer and the half-wave plate.
Linear polarizers act to filter out non-linear polarization states (i.e. circular, elliptical) while
half-wave plates act to rotate the polarization vector of the incident beam by a given angle.
Polarization control will be revisited in the next section where certain instruments require a
given polarization state to function properly.

When operating over a broad spectral range, careful consideration to the optics used
must be given. Lenses operate through the process of refraction, which is itself a wavelength-
dependent process. Thus, achromatic lenses aim to reduce the change in focal length with
wavelength. A typical achromatic doublet, a pair of lenses cemented together, may present
millimeters of focal length shift along the optical axis at wavelengths far from the design
wavelength. For applications where tight focus must be maintained over a large spectral
range, achromatic doublets may not suffice. For applications where tight focus is needed
and obscurations along the optical axis are prohibited, an Off Axis Parabola (OAP) may be
preferred. OAPs are formed from a segment of a parent parabola and focus rays off-axis at
the focus of the parent parabola. OAPs can either be used to collimate a diverging beam or

focus a collimated beam.
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Often situations arise when one beam must be shared among several “legs” of an instru-
ment, each manipulating the beam in a different way. For these applications a beam splitter
is typically used. Beam splitters split the beam by transmitting a certain percentage of the
beam’s power and reflecting the rest (with a small amount of loss in the process). Beam
splitters are typically characterized by their ratio of reflected power to transmitted power,
with ratios of 50:50, 30:70, 10:90, and the reciprocals of each being common examples. These
beam splitters do not discriminate by wavelength. For applications where this behavior is
desired, a dichroic beam splitter is used. Dichroic beam splitters transmit light above a
chosen wavelength, the “cut-on” wavelength, and reflect light below the cut-on wavelength.
This is useful when red and blue light need to be separated and manipulated in different
ways, as we will do in Chapter 4.

All of these optical components come with their own choice of reflective coatings (for
mirrors) or anti-reflective coatings (for lenses). Each manufacturer’s coating varies slightly
(see Fig. 1.3 for an overview of mirror coatings) but in general when it comes to mirrors the
standard metallic coatings are aluminum, silver, and gold. Aluminum coatings are great for
general-purpose operations in the visible region of the electromagnetic spectrum, degrading
in performance at wavelengths longer than ~ 600 nm. Silver coatings have a much broader
range of reflectance, typically showing high reflectance from ~ 450 nm well into the far
infrared (~ 12.5 pm). Finally, gold coatings are well-equipped for operations in the infrared,
picking up around 800 nm and extending well into the far infrared (~ 12.5 um). Lens coatings

are designed to reduce reflection of certain wavelengths and are much less standardized than
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Figure 1.3 Overview of mirror coatings from Edmund Optics.

mirror coatings. Each manufacturer designs their own lens coatings but, in general, these
coatings are designed to reduce reflections within a certain wavelength range. Reflectance
curves for twelve Thorlabs anti-reflective coatings can be seen in Fig. 1.4. We will see in
Chapter 4 that knowing the coatings of your optics is important in both the design and

operation of our instruments, as well as the reconstruction of broadband images.

1.2.2 Wavefront Manipulation

Shaping light can be achieved using specialized pieces of equipment that can change the

phase of light in one way or another. First, the simplest way to impart a phase change on
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Figure 1.4 Overview of anti-reflective lens coatings from Thorlabs.

the incident wavefront is by change the optical path length across the beam. This is achieved
using a Deformable Mirror (DM). DMs are made of a reflective membrane with an array of
actuators behind it to impart some piston (or OPD). The performance of a DM is limited
by the number of actuators across the pupil and the maximum stroke that an actuator can
move, with the number of actuators across the pupil typically being in the single-digits to
low double-digits and the typical actuator stroke being tens-of-microns. Larger actuator
stroke means that larger spatial frequencies can be manipulated across the beam, whereas
more actuators across the beam mean that finer details in the wavefront can be manipulated.
There is usually a trade-off between number of actuators and actuator stroke when selecting

a DM. Typically, DMs are coupled with a WFS to form an AO system. Typically, the
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WFS contains an MLA that partitions the wavefront into small sections. The main idea is
that the MLA measures distortions in the wavefront and the DM applies a correction in a
feedback loop. More actuators across the pupil mean that finer distortions (i.e., high spatial
frequencies) in the wavefront can be corrected and larger actuator strokes mean that stronger
distortions (i.e., large OPDs) can be corrected. The advantage of DMs is that they directly
impart an OPD on the wavefront, meaning they behave predictably over a broad spectral
range.

For applications where finer control of the wavefront is needed than what a DM supplies,
a Spatial Light Modulator (SLM) may be preferred. SLMs are made of liquid crystals on
silicon that change orientation with voltage, which changes the index of refraction in a pixel,
leading to a change in phase. They typically have much finer resolution than DMs, with
micron-sized pixels and a much larger number of pixels (compared to actuators for a DM),
usually of the order 1920 x 1152 pixels. They can be changed dynamically and only require
a bitmap image to be uploaded to the device containing the “phase screen” that will be
imparted on the beam. Since these devices function by imparting phase directly, they are
only suitable for monochromatic operations and are calibrated to work at one wavelength.
They also require the incoming beam to be linearly polarized such that the polarization
vector is aligned with the preferred axis of the SLM. SLMs also have dead space between
pixels that reflect incident light. This causes a bright spot in the PSF to appear, called the
Zero-Order Diffraction Spot (ZODS). SLMs also have some curvature in their coverglass,

meaning that a flat incident wavefront will leave with this curvature imprinted on it that
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must be corrected for optimal performance. We will see in Chapter 4 how we mitigate the

Z0ODS and “flatten” our SLMs.

1.3 Summary of Projects

The projects in this dissertation are related to the theme of high resolution imaging, specif-
ically through the technique of speckle imaging. Chapter 2 involves speckle imaging re-
constructions over scenes with spatially-varying PSFs. Chapter 3 shows the application of
hyperspectral speckle imaging for SDA. Finally, Chapter 4 shows several projects in instru-

mentation to support the numerical work of the previous chapters.
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CHAPTER 2

Speckle Imaging of Scenes with Spatially-Varying PSF's

2.1 Introduction

Imaging is one of the cornerstones of astronomical research, and the quest for images with
increased resolution and contrast is ongoing. For example, high-contrast imaging is required
for direct imaging of exoplanets [10-13], proto-stellar disk observations [14-16], and the
analysis of jets from stellar sources [17, 18]. At the same time, high-resolution imaging
is needed for studying close binary systems [19] and microlensing [20]. The former allows
us to estimate the mass and orbits of stars accurately [21], which underpins research in
stellar evolution, while microlensing observations can provide constraints on dark matter
and cosmology [22].

Speckle imaging is a technique developed in the 1970s [23] that allows astronomers to
overcome the image blur caused by the Earth’s turbulent atmosphere when viewing celestial
objects by effectively freezing the atmosphere during an exposure. The approach fell out of
favor in the late 1990s and early 2000s as adaptive optics (AO) became more mainstream
and an increasing number of telescopes were equipped with AO systems. However, with
the advent of EMCCD cameras, the use of speckle imaging is undergoing a resurgence [24].
This resurgence should also benefit from the recently demonstrated high-quality performance
of speckle imaging with AO compensated light on large aperture (8m class) telescopes for
detecting closely spaced objects [25].

Although improvements in technology are behind the renewed interest in speckle imaging,
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the data analysis techniques used by the astronomy community to process speckle data
(known as speckle interferometry, or SI), are, in the main, still very much rooted in the
1970s and 80s with the Knox-Thompson [26] and bi-spectrum techniques [27]. However,
research outside of the astronomy community in the past decade or so has shown that
processing speckle data using a blind restoration algorithm can provide a notable gain in
restoration quality over that achieved using traditional ST techniques [28]. Also, augmenting
single-channel speckle data with data from other channels, both imaging, and non-imaging,
offers further restoration quality improvement. Sources for the additional data channel(s)
include the diversity imaging approaches (phase diversity [29], wavelength diversity [30],
multi-aperture diversity [31, 32]) and wavefront sensor data [33].

Most of the research conducted into processing speckle data has focused on the case where
the impulse response, or Point-Spread Function (PSF), for an image does not vary with
spatial location in the image. That is, the angular extent of the object under investigation

(O;) is smaller than the isoplanatic angle [34] for the observations,
0o = 0.314 70/h (2.1)

defined as the angle over which the wavefront phase varies by 1 radian, rg is the coherence

length of the atmosphere, also known as the Fried parameter,

2 5/3,77,13/5
[ C2(h)h dh} | 22)

E:SGCC[ T C2(1ydh

C2?(h) is a measure of the atmospheric turbulence at height h, ¢ is the zenith angle of the

object, and the number of “isoplanatic patches” covered by the object Npaten = (6obj/ 90)2 < 1.
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In this case, for incoherent light, we can model an image (g) as the convolution of the object

we seek (f) and the PSF for the observation (h), i.e.,

o(7) = / £(Zo) h(@ — 7o) di (2.3)

where ¥ and ¥y are 2-D spatial coordinates in the image plane and object plane, respectively
[35]. Equation 2.3 represents the isoplanatic imaging model. Based on Eqn. 2.3, it is
clear that we can recover the object from the image data through deconvolution for images
acquired under isoplanatic conditions. When the PSF is unknown, we retrieve both the object
and the PSF using blind deconvolution [36]. When wavefront sensor data are available,
we can use them to estimate the PSF for the restoration directly and recover the object
through deconvolution from wavefront sensing [37]. A limitation of this approach is that
information on the PSF encoded in the speckle image is not leveraged in the restoration
process. We remedy this by allowing the wavefront phase estimated from the wavefront
sensor data to be updated during the restoration: a process known as myopic deconvolution
[33]. A similar story holds for the processing of speckle diversity imaging data in that the
majority of algorithms reported in the literature are designed for data with Np., < 1. This
predisposition toward using the convolution imaging model for the restoration is because
convolution is computationally inexpensive when using the Fourier transform. However,
when Npuen 2 1 the PSF varies with spatial location in the image, and we need to model

an observed image using the anisoplanatic imaging model [35]

o(7) = / F(@o) BT : o) dy - (2.4)
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Unfortunately, this superposition integral is computationally expensive for objects of any
significant spatial extent [38, 39]. To minimize the expense, researchers have taken the
approach of partitioning an observed image where Ny, > 1 into sections where Npgeep~1.
They then use a blind deconvolution algorithm to recover the object and PSF in each image
section, which is not necessarily the same size for all sections [40], and then either sew the
recovered sections of the object back together or sew (interpolate) the individual PSFs and
restore the image globally [41]. Unfortunately, this approach of partitioning the image is
limited to cases where there are a sufficient number of resolution elements across a sub-
region so that the deconvolution can provide a high-quality estimate of the local object and
PSF. This requirement is not always available [39]. This leads us back to modeling the
image using Eqn. 2.4. It is clear that if we are to pursue high-resolution, high-contrast
imaging, where it is critical to model the speckle morphology with high accuracy, we must
pay careful attention to the value of Ny, for our observations. On this note, we see that
the small FOV options for the NESSI and Alopeke speckle imaging systems [42] are 6.7” and
197, respectively. For seeing conditions of 1”7 (at 500 nm) and a mean height of turbulence,
h = 5.5 km, these FOVs represent maximum values of Npgen~32 and ~260, respectively, for
observations of targets at zenith in the visible. Using an isoplanatic model for the image (i.e.,
Eqn. 2.3) will not provide the highest quality restoration under these observing conditions
if the angular extent of the object represents a sizable fraction of the FOV. The wide FOV
options for NESSI and Alopeke are 56” and 607, respectively. This represents maximum

values for Ny, of over 2,000. Here we obviously need to use an anisoplantic image model



20

for the data to provide any reasonable restoration of the data.

Standard speckle data sets comprise hundreds to thousands of images. When the object
remains stationary throughout the data acquisition, processing a series of frames provides
a strong constraint on the estimate of the object. This is the basis of multi-frame blind
deconvolution (MFBD; [43, 44]). If the speckle data are acquired simultaneously with wave-
front sensing data at a cadence faster than the Greenwood frequency [45], the frequency
that an Adaptive Optics (AO) needs to be run at to accurately correct the wavefront, for
the observing conditions, fg = 7;!, where 7y = 0.314 ry/V is the atmospheric coherence

time and V is the mean wind velocity given by

o _ [L GV m)Pran)*”
B [ C2(h)dh

(2.5)
Then we can leverage the frozen flow behavior of the atmosphere [46] to improve our esti-
mation of the wavefront phase for each image [47]. This leverage also applies to the data
from any of the diversity imaging methods, which provide a constraint on the wavefront
phase estimates during the restoration, and wavefront sensor data, which directly measure
the wavefront phases. We note that if data are acquired at a cadence less than f;, which may
be the case when observing dim targets and we need to resort to temporal integration of the
image signal, then we lose access to the high-spatial frequency information contained in the
temporal correlations in the wavefront. We also note that frozen flow behavior is observed
in AO corrected wavefronts when Npqn, < 1, and a single deformable mirror is used for the

wavefront correction, and when Npqep, > 1, and multi-conjugate AO is used for correcting

the phases in different atmospheric layers.
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Up to this point, we have seen that according to conventional wisdom, we can use isopla-
natic modeling, which is computationally inexpensive, for speckle images with Npgeen, < 1,
and anisoplanatic modeling for speckle images with Ny, > 1, which is computationally
expensive (close to prohibitive), as shown by the phase-diversity deblurring algorithm of
[38]. However, for extreme scenarios, e.g., high-contrast binary systems, anisoplanatic ef-
fects across a narrow field of view (Npatenes < 1) become non-negligible. In this scenario,
accurate recovery of the wavefront is paramount to recovering the flux and morphology of
the object accurately. According to [48], accurate flux ratios are necessary for determining
the mass and spectral types of faint companions where large uncertainties and inaccuracies
can vastly change the recovered stellar parameters.

Here, we investigate image deblurring using speckle data augmented with a time series
of wavefront sensor data acquired with a simple two-channel speckle imaging system. We
demonstrate that Wavefront Sensor (WF'S) data provide information on the wavefront phase,
the heights of the turbulent layers, and the low spatial frequencies of the object. During the
restoration process, this additional information augments similar information that is encoded
in the image data acquired through the full telescope pupil. This extra information results
in an improved restoration. Moreover, we show that by modeling the temporal correlations
in the atmosphere, WFS data can provide information on the phases in the atmosphere’s
individual layers, even for isoplanatic data. With an approximation of the anisoplantic PSF's,
we can use the full aperture images (either with or without the WFS data) to then place the

layers at their heights and produce both an improved object estimate and spatially-varying
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PSF models, together bringing accurate photometry of the source. We show here that a full
tomographic recovery is necessary for accurate object recoveries even across FOVs that are
typically considered isoplanatic.

In Sec. 2.2 we describe our two-channel speckle imaging system and how it can be used
to separate the layers of the atmosphere and place the layers at their appropriate heights. In
Sec. 2.3 we present our multi-frame blind deconvolution and deblurring recovery processes.
In Sec. 2.4 we describe our simulations of wavefront sensor and full aperture speckle data
across various degrees of anisoplanaticism and in Sec. 2.5 we present the results of these
recoveries. Finally, in Sec. 2.6 we discuss the implications of these results and potential

applications.

2.2 Two-channel Speckle Imaging System

Here we describe our two-channel speckle imaging system consisting of a full aperture imag-
ing channel and a wavefront sensor channel that provides a multi-frame aperture diverse
dataset with low-resolution information on the target and information on the heights of the
atmospheric layers. The Shack Hartmann (SH) sensor is probably the most used type of
Wavefront Sensor (WFES) due to its simplicity. Thus, we will use a variant, the Imaging
Shack-Hartmann (ISH) (or “Scene-based” Shack-Hartmann) WE'S to study the effectiveness
of our technique. The ISH WFS basically consists of a micro-lens array and a camera. The
sensor partitions the wavefront in the entrance pupil into a set of sub-apertures. The wave-

fronts in the sub-apertures are then focused onto the camera with a magnification such that
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the resulting images are each sampled by N x N pixels. For traditional SH “spot” data,
N =2 or 3. For “scene-based” SH data, N is typically a power of 2 [49] with typical values
of N =16, 32,64. Above these sizes the computational cost to model the subaperture images
increases significantly. Commonly, we recover wavefront information from the sub-aperture
images through the blurred object’s motions, which are related to the gradients of the wave-
front in the sub-apertures [50, 51]. This is true for both spot and scene-based SH data. The
object’s motions in the former are typically determined from center-of-gravity calculations
[52]. For the latter, they are determined from cross-correlations [49, 53]. However, we can
also recover the wavefront by modeling the sub-aperture images [54, 55]. Here the model
for each image uses a Fourier Optics description for the Point-Spread Function (PSF). The
instantaneous monochromatic PSF at wavelength A\ and a given point in the image ¥ at time
t is modeled using

ha(Z,t) = F~' [PA(@) ® Pa(@)], (2.6)

where Py (u,v) = |P(u,v)|e’®") is the line-of-sight integral of the complex wave front, with

W(“v , from the given field point to the pupil at

amplitude |P(u,v)| and phase ¢(u,v) = 2r—
point (u,v), i = /=1, W (u,v) is the optical path difference, ® denotes cross-correlation?,
and F~! is the inverse 2-D Fourier transform operator. An advantage of this approach is that

we are free to choose the number of pixels we use to describe the wavefront in a sub-aperture

when generating our model image. By selecting a number of pixels that’s greater than the

IThe cross-correlation of two signals, f and ¢, is defined as f ® g = f_ (t -+ 7)dt, where { } is the
complex conjugate. Furthermore, the cross-correlation can be expressed in terms of Fourier transforms as

fog=F" [WF(Q)]
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number of sub-apertures across the pupil, we can estimate the wavefront perturbations at
finer spatial scales than we can through using image motion measurements [54]. However,
care should be taken to select a number of pixels and subapertures that provides a desirable

SNR, which will depend on the target being studied.

2.2.1 Separation of Atmospheric Layers

Wavefront estimation is commonly done on an image-by-image process. As such, this ap-
proach ignores temporal correlations in the wavefront due to the atmosphere’s frozen flow
behavior. These correlations provide additional information about the wavefront that we
can harvest from a time series of high-cadence SH data. The maximum observable correla-
tion time, t,,4., occurs when the turbulent layers are effectively frozen for the time required
for the bulk wind to carry the patterns across the telescope pupil. That is, tye. = D/|V],
where D is the telescope diameter, and |V] is the bulk wind velocity [56]. This maximum
correlation time is significantly longer than the exposure time required to freeze the instan-
taneous wavefront aberrations, t.,, < 79 [56]. For 1”7 seeing in visible light (A = 500 nm),
79~10 cm. For V~5 m/s we have 7o~ 6 ms, and for observations with an 8 m telescope we
have t,,,.~267 9. However, practically, evolution in the wavefront as it crosses the telescope
pupil results in a smaller value for ¢,,,,. Observations suggest tq, < 100 ms [57]. The first
mining of the temporal information in a time-series of SH data for use in image restoration
showed that we could recover spatial information on the wavefront on finer scales than are
sampled by the sub-apertures [47, 58].

Fig. 2.1 demonstrates how the wavefronts in the different turbulence layers can be sepa-
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rated from measurements of the wavefront obtained using a scene-based SH sensor.

Target Turbulence layers Wave front sensor

Figure 2.1 Simple diagram displaying how tomography with a resolved source is enabled
through the use of a scene-based Shack-Hartmann wave front sensor. See main text for
details.

Here we can see that the wavefront in a given layer at a given time and spatial location
affects the light at different field points in the source plane, and therefore in the sub-aperture
images. For example, at a given instant in time, the region R in the second atmospheric
layer is sampled by the field point A in sub-aperture 5 and field point C in sub-aperture 1.
Similarly, field points B and C, as measured in sub-apertures 1 and 5, respectively, sample
the same region in layer 1 (Ry). This geometry enables tomographic separation of the layers
if their heights are known, which is not the norm. The heights of the layers usually need to be
provided by some other method that can measure the vertical profile of the turbulence, e.g.,
SCIDAR (SCintillation Detection And Ranging [59, 60]) and SLODAR (SLOpe Detection
And Ranging [61]). However, the full aperture images allow the determination of the heights
of the layers if the layers have been separated (see Sec. 2.2.2).

Luckily, a second lever is available for separating the layers. We focus on one that does
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not need prior knowledge of the layers’ heights - the atmosphere’s frozen flow behavior. The
frozen flow hypothesis results in a given region in any layer being sampled by different field
points at different times (i.e., in different images). For example, the layer which contains
region Ry at time ¢ and is sampled by field points A and C in sub-apertures 5 and 1,
respectively, will have moved after an additional time At such that it will be sampled by
field points B and D in sub-apertures 5 and 3, respectively. This avenue should let us
use a time series of images to separate the atmospheric layers without knowledge of their
heights. The latter is demonstrated in Fig. 2.1. Here we have three atmospheric layers in
the telescope’s aperture, where, for simplicity sake, we will consider the two layers that are
at some altitude from the observer. These layers are propagating in opposite directions with
different velocities v; and ve. At time ¢, regions Ry, Ry, and R3 in each layer contribute to
the images generated by lenses 1, 3, and 5, in the Shack-Hartmann sensor, respectively. At
time t + At regions R; and R3 in layers 1 and 2 have propagated outside the telescope’s
aperture, and now region R, in layer 1 contributes to the image formed by lens 2, R; in
layer 2 contributes to the images formed by lenses 3 and 4, and R3 in layer 1 and R, in
layer 2 contribute to the image formed by lens 5. Thus, a time series of images contains
the information needed to separate the layers. In practice, the frozen flow behavior of the
atmosphere is observed by taking the 3D autocorrelation of wavefront slope data from a
SH-WFS [62].

Based on this model, we expect the layer separation quality to increase as the number

and spatial coverage of field points with signal and the number of data frames used for
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the separation increases. To investigate our hypothesis that the frozen flow behavior of the

atmosphere enables separation of the layers, we performed a series of numerical simulations.

2.2.2 Estimation of Layer Heights

Now that we have shown that the atmosphere’s frozen flow behavior facilitates the separation
of the layers, all that remains for a tomographic mapping of the volume turbulence is to
determine the height of the layers.

Fortunately, the information on the layers’ heights is encoded in any short-exposure
image data where Np,,, > 1. This is because for Npgen > 1 there is a spatial variation
of the atmospheric point spread function, which is manifest by spatial variation of the PSF
shape due to the light from each field point traversing different paths through the turbulence.
As the separation between field points increases, the discrepancy between the PSFs of the
far field points also increases, as seen in Fig. 2.2. Extracting the height information from
the image data requires that we accurately model the image data across the FOV. Accurate
modeling of the image data requires that we have good estimates for both the object and the
wavefronts in the different atmospheric layers. Fortunately, we have these when we perform
a multi-aperture phase retrieval [54] reduction of scene-based SH data. This means we have
everything we need to find the heights of our wavefront layer estimates to best model the
sub-aperture image data.

We solve for the layers’ heights using an iterative approach. As a starting point, we
assume that the order of layers is related to the layers’” wind velocities, with the smallest

velocity corresponding to the lowest layer and the largest velocity to the highest layer. Then,
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Figure 2.2 Root Mean Square Error (RMSE), in units of intensity, between atmospheric PSFs
at two field points as a function of angular separation in units of arcsec (”) and number of
isoplanatic angles (6y = 2.97” for ro = 18 cm at 500 nm; Eqn. 2.1). The insets show the PSFs
at the two extremes of the curve. In the 1”7 case the PSFs are visually indistinguishable.
Differences are clearly seen between PSFs in the 20” case. These RMSE values are the
ensemble average of 50 realizations of the atmosphere.
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we assume the mid-altitude layer is located between 5 — 10 km and the high-altitude layer
is between 10 — 20 km, similar to the approach by [63]. However, we also look at other
layer combinations if we cannot produce models that clearly describe the data. At each
combination of heights a truncated deblurring step is performed where we first solve for
the phase until a stopping condition is reached and then we solve for the updated object
under the same stopping condition. For an explanation of how we perform deblurring see
Sec. 2.3.2. For the stopping condition for each step in the process we chose to limit the
relative change in the gradient norm of the objective function, defined in the next section,
([IVei—1ll2 — lIVé&ll2) /IIVei—1lla < 0.01. This effectively limits the number of iterations
needed in each phase and object update for convergence. An example of how the objective

function varies during this step is shown in Fig.2.3.
2.3 Reconstruction Method

In this section we outline the method used for recovering the initial phase and object assuming
a spatially-invariant PSF and the deblurring process used for recovering a spatially varying

PSF. We seek to find the object f and phase ® that minimize the weighted likelihood:

~ T o
€ = Z Z (Itn — Itn) w;ll (Itn — Itn) (27)
t n
where wy, is the diagonal covariance weight for sub-aperture n at time ¢, and I, and fm are

the observed and model frames, respectively. The covariance is set as wy, = sm(ftn + ohy)-

It accounts for the Gaussian detector read noise ory, the shot noise on the model frames
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Figure 2.3 An example of how the error metric changes with the heights of the layers during
the height solve part of the analysis. Here we use a 3-layer model to simulate observations.
The layers are initially set at h = 0 km, with the lowest wind velocity layer fixed at ground
height throughout the entire analysis. The layer with the highest wind velocity is varied first
(blue triangles) and is assumed to be the high-altitude layer between 10 — 20 km. Then, the
layer is fixed to the height that provides the lowest criterion value. Next, the mid-altitude
layer is allowed to vary in height (red squares) between 5—10 km. Finally, with both layers at
their respective heights the process is repeated. These results are without tip/tilt estimation
on each layer.

I, and a frame-dependent weight based on the information entropy

Itn [tn
h=—— log, | =] | 2.8
St Z‘%y Itn 0g2 (ijy [tn) ( )

where high-entropy frames are less-heavily weighted to reduce the influence of noise in the
reconstruction process. How the model frames are built depends on the nature of the PSFs

(i.e., spatially varying vs spatially invariant), and is described in the sections below. The
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likelihood was minimized using the Variable Metric Limited-Memory Bounded quasi-Newton

method implemented in OptimPackNextGen.j12.

2.3.1 Deconvolution

The initial estimate for the isoplanatic phase and object is made using a multi-step recovery
process. Phase retrieval is well-known to be susceptible to entrapment in local minima using
gradient-based optimizers [64]. To alleviate this it is helpful to “anneal” through spatial
frequency by first estimating the low spatial frequencies in the phase and object, and then
allowing higher spatial frequencies to vary. Processing the WF'S frames first allows only the
low spatial frequency information in the object and phase to vary.

The phases are initialized to zero-mean, unit variance random Gaussian numbers and the
object is initially estimated as the lucky image of the full aperture frames [65]. Then, in the
phase update step, the model images I,,, for each sub-aperture n (or the full aperture) at time
t are given by the multiplication of the PSF hy, by the matrix operator X = F~! diag(F f)F

that convolves its input with the object estimate f
ftn - SiXhtn (29)

where S| is a downsampling operator to match the pixel resolution of the observed frames. F
and F'~! are the discrete fast Fourier transform operator and its inverse, respectively. Similar

to Eqn. 2.6, PSFs are built using a Fourier optics formulation of the observed wavefront

hin = | F ppa|” (2.10)

’https://github.com/emmt/OptimPackNextGen. j1


https://github.com/emmt/OptimPackNextGen.jl
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where « is a scalar to account for changes in flux from a beam splitter and py, = Ay,
is the complex pupil function composed of an amplitude A;, and phase ¢y,. For the initial
steps of the analysis the pupil amplitudes are assumed to be unity inside each respective sub-
aperture. We are leveraging the frozen flow behavior of the atmosphere by extracting the
composite pupil phase for each layer [ from a phase sausage ®;, that the telescope aperture

translates across with time:

b= M, NE;®, (2.11)
l

where M,, is a binary mask for sub-aperture n and Ej; is the matrix operator that extracts
the patch of phase by translating layer [ according to the wind velocity, resizing according to
layer height, and cropping to the desired image size. N is a matrix operator to convolve the
extracted phase with a Gaussian kernel. The FWHM of the kernel follows a schedule that
decreases with each iteration of the process until it is smaller than a single pixel. With a
decreasing smoothing kernel, the lowest spatial frequencies in the phase are modified first and
then higher frequency content is slowly introduced into the recovery. As above, this helps
to avoid entrapment in local minima, and additionally, avoids wrapping in the recovered
phases.

Once an estimate for the phases in each layer is made, we move on to the object update

step. Similar to Eqn. 2.9, the model image for sub-aperture n at time ¢ is given by
Lin = Sy Hy f (2.12)

where Hy, = F~!diag(Fhy,)F is the matrix operator that convolves its input with the PSF
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for sub-aperture n at time ¢. Positivity is imposed on the recovered object f by a projection
onto the positive set.

After the object is estimated we repeat the process a set number of times (typically
10) using only the WFS data, and then add in the full aperture data and perform the
deconvolution process again using the low-resolution object and phases from the initial solve

as the initialization.

2.3.2 Height Solver

In order to solve for the heights of each layer we need to estimate a spatially-varying PSF for
each image. For this task we use the Efficient Filter Flow (EFF) method from [66] with 50%
overlap between patches and a Bartlett-Hann window function defining the patch weights.
The advantage of the EFF method is that, with our choice of window function and overlap,

it produces smoothly varying PSFs across the image. With this, Eqns. 2.9-2.12 become

Yo S1 X hnm, (Phase Step)
S StHumm(pm f) . (Object Step)

-1 2
htnm = ‘F ptnm‘ )

¢tnm = Z MnNEltm&)l )
l

where m is the index of each patch, p,, are the weights for patch m, X,,, = F~! diag(Fpmf)F,
and Hypy = F1 diag(Fhym)F. Once the heights of the layers are known the wavefront

fidelity greatly improves and allows the object morphology to be refined.
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2.4 Simulated Observations

We simulated an atmosphere with three layers, chosen because of the prevalence of 3 strong
layers in data collected by [62] at Haleakala, HI. These layers are placed at 0 km, 7 km,
and 12.5 km [67] with a constant C? profile, and a wind profile typical of Haleakala, HI, in
springtime, as per [68]. In this case, 50% of the photons are sent to a simulated full-aperture,
focal plane imaging system and the other 50% are sent to the simulated WFS, which was
chosen to be an ISH with 6 x 6 sub-apertures across the pupil. The full aperture images
are sampled by 256 x 256 pixels and the magnification was chosen such that the diffraction-
limited PSF at 500 nm is Nyquist sampled. Similarly, the WFS images are down-sampled to
64 x 64 pixels to more closely match the Nyquist sampling requirement for the sub-apertures.
The parameters for the full aperture and sub-aperture cameras, which are assumed to be
identical, can be found in Table 2.1.

We test our method against target separation for two separate target morphologies: a
high-contrast binary system, and an extended, resolved source, in this case Saturn.

For the binary star system, the angular separation between sources is determined by the
distance (assumed to be infinity) and physical separation of the system. We fix the flux
ratio between the primary and secondary stars at Fye./Fp = 1072, We investigate two
separations of the stars: 3”7 separation to evaluate our ability to recover each sources within
one isoplanatic angle, and 20” separation to show our ability to recover sources well outside
of the isoplanatic angle (6y = 2.97” at 500 nm). The difference between the generated PSFs

of the two sources, measured by the RMSE, as a function of separation is shown in Fig. 2.2.



Table 2.1 Simulated Atmospheric and Detector Parameters

Atmospheric Parameters

s W 18 cm
log oo 0.01 m
Lo.oooooii .. 300 m
A 500 nm
Niayers <o ovoveenn.. 3
Layer Parameters

Layer Number 1 2 3
Height ............. Okm 7km 12.5km
Wind Speed........ 50m/s 6.9 m/s 342 m/s
Wind Direction ....  45° 125° 135°

Detector Parameters
Do 3.6 m
QE ................ 0.8
ORN v v veveennnnnnn 2.0 e”
Npir (Full Aperture) 256 x 256
Nirames <« vvvovnnnn. 31
Leaposure « v vonvenn. 5 ms
Napertures (WFS) ... 6 %6
Npiz (WFS)........ 64 x 64

We assign the primary star a brightness of my = 44, making the secondary star my + 9.
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Finally, for the case of Saturn the largest separation between field points is the angular

extent of the planet’s rings, where the globe of the planet measures ~ 20” and the rings,

measured end-to-end, are ~ 40” in extent. Saturn’s moons Mimas, Dione, and Enceladus

are within the FOV 29” (106,), 18” (66,), and 32”7 (116y) from the image center, respectively.

We assign a brightness of my = +1.17 to Saturn, representing the faintest expected bright-

ness of the planet. The moons have contrasts of Amy ~ 411,410, and + 10, respectively,

compared to Saturn itself.



36

2.5 Results

To measure the success of our method we compute the normalized Root Mean Square Error

(RMSE) between truth (f) and recovered object (f) over an N x N window by Eqn. 2.13.

2

RMSE = |- > = (2.13)

N2 | Ny
€,y

RMSE sometimes does not match well with human perception so we also choose to compute
the Structural Similarity Index Measure (SSIM) [69]. Since we are most interested in changes
in morphology we chose only to compute the structure term of the SSIM, given below as
SSIM,. Typically, SSIM is calculated across small windows of the images by Eqn. 2.14 after
being convolved with a small Gaussian kernel, and these SSIM values are averaged together.

SSIM,(f, f) = (2.14)

Of0F+C3
where f and f are first normalized to the same maximum value so that their values lie

between 0 and 1, J]% and o2 ; represent the variance of the quantity and covariance between

If
quantities, respectively, and c3 = 0.03%/2 for floating point numbers [70]. For this work, we
choose a window size of 11 x 11 pixels and a Gaussian of FW HM = 1.5 pixels to convolve
the inputs of Eqn. 2.14 with. A perfectly recovered object would yield an SSIM of 1, while a
value of 0 indicates no structural similarity. This metric is particularly adept at measuring
differences in perceived structure of images, and can reveal subtle differences even when two

distinct images give the same RMSE when compared to the ground truth. Each metric has

its strengths and so we report both metrics for all of our results.
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The results of each experiment are summarized in Table 2.2.

Target Isoplanatic Anisoplanatic
RMSE |SSIM,| RMSE |SSIM;,

3” Binary [4.8 x 107*| 0.999 |9.7 x 107°| 0.999
Primary [2.5x 1071} 0.996 [5.3 x 1072 0.999
Secondary [3.3 x 107'] 0.732 [1.8 x 10~ | 0.999
20” Binary |2.3 x 107%| 0.997 |3.9 x 107°| 0.998
Primary |2.0 x 107!| 0.784 |4.5 x 10~*| 1.000
Secondary [3.2 x 1071] 0.738 [2.6 x 1071 | 0.783
Saturn [1.8 x 107°| 0.945 |1.0 x 10| 0.962
Mimas 8.4 x1072| 0.008 [5.4 x 1072 0.833
Dione 7.8 x 1072 0.000 5.0 x 1072 0.671
Enceladus [8.2 x 10~2] 0.007 |6.1 x 10~2| 0.577

Table 2.2 RMSE and SSIM; values for each experiment. “Isoplanatic” and “anisoplantic”
here refer to the way the data are treated.

The morphology of the recovered binary star system at 37 and 20” separation is seen in
Fig. 2.4 and 2.5, respectively. Here we see the RMSE between the binary sources increases
from the 3” case to the 20” case under an isoplanatic imaging model. However, the RMSE
lowers, in both cases, under the anisoplanatic imaging model. The larger separation in the
20”7 case means that the initial isoplanatic solve will be lower in quality. However, wide
separations help to distinguish the PSF's of each source and provide a cleaner recovery once
the heights of the layers are found. In the 3” separation case the PSF of the secondary star
is embedded in the PSF of the primary, making it harder to disentangle the two sources.
However, 3”7 is approximately equal to the isoplanatic angle for these conditions, meaning
that even across a FOV considered isoplanatic, there are non-negligible performance gains
that are accessible if the data are modeled using an anisoplanatic model. To further illustrate

the point, the flux ratio, measured within an N x N region, between sources is more accurate
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Figure 2.4 Recoveries of a high-contrast binary (Fie./Fp; = 1072) at 37 separation. The
recovery with the isoplanatic model (bottom left) and with the anisoplanatic treatment of
the data (bottom right) are shown against the ground truth (top left) and an example data
frame (top right). All images are on a logarithmic scale.

under the anisoplanatic model, as seen in Table 2.3. Within a 5 x 5 pixel region around each
star, we are able to recover the true flux ratio in both the 3”7 and 20" case.
Finally, the recovered image of Saturn, using both the isoplanatic and anisoplanatic

imaging models, can be seen in Fig. 2.6. The reduced RMSE under the anisoplanatic model
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Figure 2.5 Recoveries of a high-contrast binary (Fie./Fps = 1072) at 20” separation. The
recovery with the isoplanatic model (bottom left) and with the anisoplanatic treatment of
the data (bottom right) are shown against the ground truth (top left) and an example data

frame (top right). All images are on a logarithmic scale.

allows for details far from the image center, such as the Cassini division and the moons

Mimas, Dione, and Enceladus to be recovered more accurately.
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Isoplanatic

Separation Fsec/Fpri Fsec/Fpri Fsec/Fpri
(1 x 1 window) | (3 x 3 window) | (5 X 5 window)

37 2.2x 1073 6.1 x 1073 6.1 x 1073

20" 2.3 x 1074 5.2 x 1074 1.5 x 1073

Anisoplanatic

Separation Fsec/Fp'ri Fsec/Fpm' Fsec/Fpri
(1 x 1 window) | (3 x 3 window) | (5 X 5 window)

37 9.4 x 1073 9.1 x 1073 1.0 x 1072

20” 2.3x1073 9.1 x 1073 1.0 x 1072

Table 2.3 Recovered flux ratios using different size windows (in pixels) around each source
for the binary system at 3” and 20” separation.

2.6 Conclusions and Discussion

Here we have shown that with a 2-channel imaging scheme one can 1.) separate the at-
mospheric layers, 2.) place them at their heights, and 3.) recover the morphology of the
object accurately. The wavefront sensor channel provides aperture-diverse measurements
that are necessary for extracting the wind velocities of each layer that can then be used to
separate the atmospheric layers and place them at their heights. These measurements also
contain low-resolution information on the underlying object that helps seed the recovery
when full-aperture data are introduced. These two channels together have been shown here
to provide a powerful lever for extracting the incident wavefronts at their respective heights
and high spatial frequency details in the recovered object. Additionally, we show that ap-
preciable anisoplanatic effects are present in FOVs previously considered to be isoplanatic.
Accounting for these anisoplanatic effects with the efficient filter flow method allows for the
recovery of spatially-varying PSFs. This improves the morphology of the recovered object

across the entire image for both the extended, resolved source case, such as Saturn, and the
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Figure 2.6 Recoveries of Saturn. The recovery with the isoplanatic model (bottom left) and
with the anisoplanatic treatment of the data (bottom right) are shown against the ground
truth (top left) and an example data frame (top right). Fach image is shown on a linear
scale. Saturn’s moons Mimas, Dione, and Enceladus, from left to right, are shown in the
insets of each subplot on a square-root scale to enhance background details.

spatially-extended, unresolved source case, such as the binary system. We show that in order

to recover the true flux ratio of a tight binary system we must recover a full tomographic

solution for the atmosphere, which leads to greatly improved object flux and morphology.

In a real-world scenario, several higher-order effects are present that may affect perfor-
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mance. Scintillation changes the flux of the source with time. The assumption of unit-volume
PSFs can be relaxed to accommodate this. In the recovery process, this means that after
a full recovery of the wavefront phase is made the wavefront amplitudes are also allowed to
vary. [71] showed that including wavefront amplitudes in the recovery process brings up to
a 40% improvement in the recovered wavefront and object when observations are taken at
large zenith angles.

Next, these results have assumed a strictly-frozen flow. However, it is known that the
atmosphere exhibits some degree of turbulent “boiling” as well [72]. This boiling acts to re-
duce the coherence time of the atmosphere. A more sophisticated model than the translating
layer model used in this work is needed to account for boiling wavefronts.

Finally, these results impart only the knowledge that the recovered object must be posi-
tive. Additional regularization could provide a powerful tool to constrain both the morphol-
ogy of the object and the power spectrum of the recovered wavefront. The former can be
constrained by imposing a total-variation regularization. However, the ¢; norm is problem-
atic with gradient-based optimizers, such as the quasi-Newton method used in this work. A
full refactoring to a scheme that can handle such a regularizer, such as the proximal-splitting
method of ADMM (73] or its recent evolution, bBSDMM [74]. Constraints on the wavefront
can be more-cleverly placed to constrain the power spectrum of the recovered wavefront
rather than its morphology. Such a regularizer would need to come from a machine-learning
algorithm and would require careful training so as to not introduce biased realizations of the

atmosphere into the solution.



2.7 Table of Variables

Below is a table containing each variable used in this chapter and a short description of that

variable.

)
-1l
®

Complex conjugate

L2 norm

Cross-correlation operator

Matrix transpose

Complex wavefront amplitude for subap n at time ¢
Flux-scaling parameter for beam splitters
Refractive index structure parameter at height h
Diameter of the telescope

Time interval

Extraction operator for layer [ at time ¢
Extraction operator for layer [ at time ¢t and patch m
Object at object coordinate 'y

Estimated object

Greenwood frequency

2D Fourier Transform operator

Inverse 2D Fourier Transform operator

Flux of the primary star

Flux of the secondary star

Model image at spatial coordinate &

PSF at coordinate offset & — &y

PSF at coordinate 7 for field point &

PSF at wavelength A, image point Z, and time ¢
PSF variable for subap n at time ¢

PSF variable for subap n at time ¢ for patch m

Average height of atmospheric layers

Matrix operator that convolves its input with the PSF for subap n at time ¢
Matrix operator that convolves its input with the PSF for subap n at time ¢ and patch m

Imaginary unit
Observed image for subap n at time ¢

Model image for subap n at time ¢



Imaginary part of input

Wavelength

Mask for subap n

Number of pixels across one side of the image

Matrix operator that convolves its input with a Gaussian kernel

Number of turbulent patches across the pupil

; Gradient of the objective function at iteration ¢

Pupil function at wavelength A and frequency «

Pupil function for subap n at time ¢

Pupil function for subap n at time ¢ and patch m
Estimated phase sausage for layer [

Phase at frequency coordinate (u,v)

Complex wavefront phase for subap n at time ¢

Complex wavefront phase for subap n at time ¢ and patch m
Statistical weight of subap n at time ¢

Fried parameter

Real part of input

Weight of patch m

Downsampling operator

Information entropy of observed image of subap n at time ¢
Read noise

Coherence time of the atmosphere

Exposure time

Maximum observable atmospheric correlation time
Separation between field points/sources

[soplanatic angle

Frequency coordinate in x direction

Frequency coordinate in y direction

Wind velocity at height h

Mean wind velocity

Optical Path Difference (OPD) at frequency coordinate (u,v)

Matrix operator that convolves its input with the object

Matrix operator that convolves its input with the object within patch m

Spatial coordinate in the image plane

Spatial coordinate in the object plane
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Y General observed quantity
Y General estimated quantity
¢ Zenith angle
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CHAPTER 3

Hyperspectral Speckle Imaging of Resolved Targets

3.1 Introduction

Materials in space are greeted with a harsh bombardment of particles, most notably atomic
oxygen, that eat away at a material and change its chemical structure. Important instru-
ments and components on a satellite can be compromised if a material cannot withstand the
space environment for a prolonged period. Thus, understanding the process of the aging of
materials in space is paramount. Material aging is currently studied in a vacuum chamber
to simulate the types of particles and radiation encountered in space [75]. However, space
weather can vary wildly with different orbits and solar conditions, challenging the accuracy
of ground-based experiments that provide constant radiation doses and particle fluences [76].
The Materials International Space Station Experiment (MISSE; Degroh et al. 77) remedied
this by flying several common spacecraft materials on board different faces of the Interna-
tional Space Station. However, once returned to Earth, the materials react with air and
their properties can change, through a scarring process, from when they were onboard the
International Space Station [78]. Thus, we need to study the material reflectivity while the
material is in space to accurately characterize space weather aging, and we require spatially
resolved images to identify individual materials on the satellite.

Characterizing satellites and orbital debris requires spectral information. As pointed out
by [79], even if we have an ultra-broadband image of a satellite and could attain infinite

levels of spatial resolution, we are still not guaranteed to be able to identify its features and
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characteristics. We also need to be able to decode the spectral data for each pixel in the
image. That is, spectral and spatial data are complementary, and accurate characterization
of a target needs both. Spectral information has been a mainstay for the characterization
of unresolved targets for many years. Multi-color photometry has provided a means for
discriminating between debris and intact space objects such as rocket bodies and satellites
[80], characterizing the type and performance of ion thrusters, and studying the effects of on-
orbit aging of satellite materials. The current state-of- the-art for integrated (i.e., unresolved)
multi-color photometry, is 3 — 5 spectral bands of width around 100 — 150 nm, depending
on the wavelength range and cadence of observation [81]. That is, the spectral information
available on a target is still relatively crude. Our ability to characterize the target is thus
still limited. There are many imaging techniques available for acquiring spectral information
on resolved targets [82]. The technique that is probably best-suited for Space Domain
Awareness (SDA) is snapshot hyperspectral imaging. Here several approaches are available,
although, to the best of our knowledge, none of them are in operational use for SDA. The two
approaches which appear most promising for SDA are integral field spectroscopy using lenslet
arrays and computed tomography imaging spectrometry. However, these techniques require
large-format detector arrays, which inherently means frame rates that are slow compared
to the atmospheric coherence time. Ultra-broadband speckle imaging [83], however, can
use smaller format detector arrays and does not suffer this limitation. It also provides
information for at least twice as many spectral channels than are currently used for unresolved

measurements.
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Monochromatic speckle imaging with a ground-based telescope can recover spatial in-
formation on a space-based target with diffraction-limited resolution; however, work by [83]
and [84] demonstrated that additional wavelength information on the target can be extracted
from broadband speckle images (400 —1000 nm), when accurate Point-Spread Function (PSF)
are available, at a spectral resolving power of up to A\/AX ~ 12 and ~ 91, respectively, where
)\ is the mean wavelength and A\ is the width of the passband. The reconstructed hyper-
spectral images contain the signatures of the underlying materials that are reflecting incident
sunlight. If the satellite is spatially resolved, then the signatures of its materials can be re-
covered per pixel. This recovery is possible because dispersion in the Earth’s atmosphere,
perturbations in the wavefront introduced by the atmosphere, and diffraction in our imaging
instrument all spread the light out differently at each wavelength, allowing wavelength infor-
mation in the target to be extracted. We aim to use this approach to perform ground-based
hyperspectral speckle imaging of resolved targets in the near-Earth space environment.

In Sec. 3.2, we detail the numerical simulations performed as a proof-of-concept for
hyperspectral speckle imaging, and in Sec. 3.3, we highlight our analysis approach. Then, in
Sec. 3.4 we discuss our results. Finally, in Sec. 3.5, we discuss the implications of this work

to the SDA community, summarize our findings, and discuss improvements to our method.

3.2 Numerical Simulations

For this study, we simulate ground-based observations of a satellite acquired using a 3.6 m

aperture telescope viewing through atmospheric turbulence conditions typical for nighttime
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observations from Mount Haleakala, Maui. Specifically, we use a coherence length (also
known as the Fried parameter ) of 17 cm, measured at wavelength of 500 nm and a zenith
angle (1) of 0 degrees [85]. The resulting ratio of the diameter of the telescope aperture (D)
to the atmospheric coherence length, a quantity typically used to characterize the strength
of the atmospheric turbulence affecting the observations, is D/ry = 21.

Realizations of the wavefront perturbations incurred due to the propagation of the wave-
front through the Earth’s turbulent atmosphere, are generated using Kolmogorov statistics
and a common Optical Path Difference (OPD) across the entire bandpass, employing the

Fourier transform method [86]. A modified von Kadrman power spectral density is utilized

2/.,2
PSDysc () = 0.0237 /3 PV Vin)
K(V) L) (VQ + 1/3)11/6

where v is spatial frequency in cycles/m, the inner and outer scale sizes are I = 1 cm and
Ly = 100 m, respectively, v, = 0.942/L,, and vy = 1/ly. We implement a 3-layer model
for atmospheric turbulence, with layers at heights of 0 km, 7 km, and 12.5 km. The wind
profiles for these layers are based on data from Mount Haleakala in May, as reported in [87].
We simulate observations at zenith angles of 0° and 30°. Since ry varies with the secant of
the zenith angle [3], the level of turbulence for the observations at n = 30° is higher than for
those at 7 = 0° by a factor of 1.15. For n = 30° the angular dispersion of an object is +0.30”
at 400 nm and -0.38” at 1000 nm. This angular dispersion causes a wavelength-dependent
spreading of the signal on the detector. Since some telescopes are equipped with dispersion
correction optics to mitigate this effect, we investigate two scenarios: images acquired with

and without dispersion correction optics.
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For observations acquired with a telescope equipped with dispersion correction optics,

we model the broadband data using

w=N)—1 m=N;nt—1
1
gty = > {f {Amm + (w + 5) AA} © > hAmin +wA)\—|—mA)\0,t)} . (3.0)
w=0 m=0

where Nj,; = N{/Ny, f()) is the object at wavelength X\, h(\) is the Point-Spread Function

(PSF) at wavelength A, and ® denotes convolution. We define A\y and A\ using
)\max - )\min - N)(\) : A>\0 - N)\ AN 5 (32)

where N is the user defined number of spectral slices used to build the data, Ny is the
user defined number of spectral bands to be used in the recovery and A,.;, and A4, are the
minimum and maximum wavelengths in the broadband observation, respectively. This is a
variation of the spectral slicing approach of [88].
For observations without dispersion correction optics, the second term in Eqn. 3.1 be-
comes
m=Nin;—1
D (M pin + WAXN +mAXg, )R (Amin + WA+ mANg, t) (3.3)
m=0
where D(\,n) is a matrix operator that translates the monochromatic PSF depending on

wavelength and zenith angle.

The extreme cases for Eqn. 3.1 are when Ny, = N g , and N, = 1. The former represents

g(t) = / () © ha(n) dA

and is the value used to build the data, while the latter represents

g(t) ~ fee © hps(t) , (3.4)
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where

fBB:/AfAdA,

and

hpp(t) = /A ha(t) dX .

Fig. 3.1 shows that the approximation in Eqn. 3.4 is not unreasonable as a starting point

for our recoveries.

o(t) = / £ O In(t) dA g(8) ~ Fon © han 1)
2.44 x 107°
0.91
L -

' '

Figure 3.1 Left: A broadband image modeled using Eqn. 3.3 with N, = 101 for n = 30° and
70(500 nm) = 17 em for data built with NY = 101. Right: The broadband image modeled
using Ny = 1 with N{ = 101. The Root Mean Square Error (RMSE) (top) and Structural
Similarity Index Measure (SSIM), (bottom) between the two images, defined in Eqn. 3.8 and
3.9, respectively, are shown in the upper right corner of the approximation in the right plot.

Additionally, the PSFs can be further expressed using a Fourier optics formulation

h(At) = F[p(At) @ p(A,1)]
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where F' is the Fourier transform, ® denotes cross-correlation, and p(\,t) is the complex
pupil function given by p(A,t) = A(A,t)exp[i - ¢(A, t)]. In this work we assume effects from
scintillation are negligible, i.e. A(A,t) =~ 1. The phase ¢(\,t) can be expressed as

s~ S Bt z)m | (3.5)

=1

where Njgyers is the number of atmospheric layers, W (1) is the OPD of layer [, and E(\,¢,1) is
the matrix operator that extracts the appropriate region of layer [ at wavelength A\ and time
t. Once these OPDs are generated they are degraded to match the performance one would
obtain from an Imaging Shack-Hartmann wavefront sensor for the atmospheric conditions,
as per [89].

The assumption of an OPD that is invariant to wavelength is, of course, a simplification.
The index of refraction of the atmosphere is a weak function of wavelength. As OPD is
calculated as the integrated index of refraction along the optical path, OPD also has a weak
dependence on wavelength. However, if our wavefront sensor measures the wavefront phase
at a wavelength near the mid-point of our spectral bandpass of 400 nm to 1000 nm, we
expect the error induced by using the approximation of a constant OPD to be small and
significantly less severe than the effects of atmospheric turbulence [90].

For this work we simulate a generic model satellite, which we only loosely base on a
typical satellite in Low Earth Orbit (LEO), simulated at a range of 515 km with dimensions

60 cmx12 cm (0.25” x 0.05”)! and is composed of three materials: anti-reflection coated

'We note that a typical satellite in LEO is much larger than this, constituting fields of view tens of
arcseconds in size. For this study, however, we choose to simulate the lowest limit of what would be observed
in LEO as a proof of concept.
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solar panel [91], Kapton, and Aluminized Mylar [92]. The latter two materials also include
their aged counterpart, corresponding to the particle fluence and UV irradiation encountered
in LEO over an 11 year period [93]. A LEO satellite in orbit for 11 years represents the most
extreme weathering a LEO satellite might experience, and thus the largest changes in its
materials’ reflectance spectra. This satellite is assumed to reflect a solar spectrum modulated
by each material’s reflectance. We artificially brighten our toy satellite to a magnitude of
mag+4 in our passband?. The signal is then detected by a typical sSCMOS detector with an
8”7 x 8” Field of View (FOV). The final observed spectrum for each material, Solar spectrum,
Quantum Efficiency (QE) curve, and location of each material on the satellite can be seen
in Fig. 3.2.

To simulate broadband observations, we generate N; = 102 speckle imaging frames (5 ms
exposure time) using Eqn. 3.1 and 3.2 at NY = 101 equally-spaced wavelengths (AX = 6 nm)
between 400 — 1000 nm, where the data are Nyquist sampled at 400 nm. This wavelength
range was chosen because it encompasses the typical sensitivity range of a silicon detector
(see upper right panel of Fig. 3.2). We incorporate dispersion effects using the model
described in [94] and [95] to calculate the shift in position of the images on the detector with
wavelength (D(A,7n) in Eqn. 3.3) and to calculate the ray trace with wavelength through
the atmospheric layers (E(A,t,1) in Eqn. 3.5). For reference, Eqn. 4 from [95] gives the

atmospheric differential refraction Af in arcsec (7) as

ABO(N) = 206265 [n(\) — n(500 nm)] tan (n) ,

2We define our magnitude zero-point using the integrated flux of Vega at the top of the atmosphere across
our passband.
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Figure 3.2 (top left) Solar spectrum as observed by the Hubble Space Telescope [2]. (top
right) QE curve for our simulated detector, based on the Photometrics Teledyne Prime-95b
sCMOS camera. (bottom left) Reflectance spectra for three different materials and two of
their aged counterparts. (bottom right) After considering the factors mentioned above, the
final, optimally observed spectrum for each material, and, at the top of the panel, a color-
coded schematic showing the location of each material on the satellite.
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where n(A) is the refractive index at wavelength A and 7 is the zenith angle. The refractive
index is calculated from Eqn. 2 and 3 of [95] assuming an air temperature of 15° C, air
pressure of 760 mm Hg, and water vapor pressure of 8 mm Hg. Temporal correlations are
enforced by assuming a frozen flow for each atmospheric layer [96]. A subset of five of the
101 monochromatic frames used to build a single broadband image is shown in Fig. 3.3.

Finally, to provide a baseline for comparison, we simulate a multi-spectral observation
(five wavebands) of the satellite from a hypothetical space-based telescope of the same di-
ameter. These data represent diffraction-limited resolution observations, i.e., observations
free from the effects of atmospheric turbulence.

400.0 nm 550.0 nm 700.0 nm 850.0 nm 1000.0 nm Broadband

-

Uncorrected
i
s
o
v
"

,,,,,,,,,,, R - S SR — - S NE——

Corrected

Figure 3.3 Five monochromatic images from the 101 images generated between 400 nm
and 1000 nm that, when integrated, produce a single broadband frame (right-most image).
Observations are simulated with a 60° zenith angle to demonstrate dispersion from the atmo-
sphere (top row), where the shortest wavelength (400 nm) sees the largest effect. Dispersion
is calculated relative to 500 nm, shown as a dashed red line. The direction of dispersion
is taken to be the vertical axis in the images and the attitude of the satellite is shown in
the bottom right panel of Fig. 3.2. The bottom row shows the same frames but when a
dispersion corrector is used. In both cases, the monochromatic images at each wavelength
are identical, but the broadband images are vastly different.

Numerically, the object and OPDs are reconstructed and updated by minimizing the
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criterion
€= Y wlt) [o(t) — d)*,

where d(t) is the measured broadband image for time ¢; the inner summation is the pixel
sum of the weighted residuals, and w(t) = {s(t) [g(t) + o%y]} " is the weight of each frame,

containing a Gaussian read-noise term o%,, a Poisson noise term g(t) (the model image of

frame ¢), and the information entropy s(t) = —il(dt()t) log, (gg()t)> of the data frame. By

incorporating entropy into the weighting, we ensure that frames containing the most infor-
mation content (i.e., least blurred) are more heavily weighted. Minimization is performed
using the quasi-Newton Variable Metric Limited Memory Bound (VMLMB) method from

OptimPackNextGen. j13.
3.3 Analysis Method

The number of variables needed to describe the object at N, wavelengths, using a pixel basis
set is

Ngwl = N?Njy |

var

where NN is the number of pixels along one side of a square array. The number of variables
needed to describe the PSFs, assuming we are modeling PSFs from a set of OPDs for each
layer of turbulence, and a pixel basis set, is given by

Nlaye'r's 2
N N
NESFs _ Z T (Z) +7 <5) u Vg,

=1

3https://github.com/emmt/OptimPackNextGen. j1
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where the summation is over Nigyers atmospheric layers, v; is the velocity of the I*" Jayer in
pixels/frame, and N; is the number of broadband images in the data set. The number of

measurements is given by

Nmeas = NZNt .

The ratio of the number of variables to the number of measurements R,.,, is given by

2 N2 NN N~ Miagers
o N N)\—i_Nlayersﬂ-ﬁ—i_ﬂ- t2 Zl:[{ya U

Rv'm
' N2N,

(3.6)

To provide an over-determined system with more measurements than unknowns, we need

™ Nla ers
N}\ _|_ Nlafg'rs T Yy
_ + — <1. 3.7
N, an lz_; B (3.7)

For our numerical experiment, N = 512, Ny = 20, N; = 102, Njgyers = 3, v1 = 1.78 pixels/frame,
vg = 2.45 pixels/frame, v3 = 12.16 pixels/frame, D = 3.6 m, and t.,, = 5 ms.

For the spectra of the materials represented in this study (see lower right plot in Fig. 3.2),
a recovery at Ny, = 20 wavelengths is sufficient to capture the morphology of the spectra
and satisfies the condition in Eqn. 3.7 with R,.,, = 1/4, meaning there are 4 measurements
for each unknown and ensuring our system is not underdetermined. N, can be increased to
capture finer details in the spectrum, however, this increases the value of R,.,,, which we
want to minimize, and provides little in the way of additional information for the smoothly-
varying material spectra used in this study.

We use the technique of Multi-Frame Myopic Deconvolution (MFMD) [97, 98] to recover
the grey object fpp from Eqn. 3.4, using the degraded wavefront estimates from the wavefront

sensor to generate estimates of the spectrally-integrated PSFs. Using this approximation at
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the beginning of the recovery allows us to gain traction on the morphology of the object
before attempting to recover detailed spectral information. When we start recovering spectral
information on the object we slowly increase the value of N, from 1 to its final value as the
recovery progresses. This process ensures that the large-scale structures in the spectrum are
captured before high-frequency content is allowed into the recovery process. The final N
desired is determined both by the Signal-to-Noise Ratio (SNR) in the data and the complexity
in the material spectra. [99] note that in low-SNR environments the act of smearing signal
across the detector with wavelength further reduces the SNR, which can be detrimental to
the problem if the smearing is severe.

It is important to avoid overfitting of the object since there are imperfections in the
wavefront. However, information on the wavefront is still encoded in the broadband speckle
images. In Multi-Frame Blind Deconvolution (MFBD) the data frames are assumed to be
temporally linked by the frozen-flow nature of the atmosphere [96], allowing us to update
the atmospheric layers on “sausages” that the pupil scrolls across. Using the recovered grey
object, we perform short, alternating recoveries of the wavefront OPD and object, slowly
increasing N, until the solution converges and we reach the target N,.

In all cases, we measure the success of our method by calculating the normalized Root
Mean Square Error (RMSE) between the truth object fy and recovered object fA at each

wavelength. We calculate the RMSE as

RMSE= |- Lo h

N? T,y Zf)\ ’

Clj7y

(3.8)
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where N is the number of pixels along one side of the object array and Zx,y £ is the flux of the
truth object at wavelength \. RMSE sometimes does not match well with human perception
so we also choose to compute the mean Structural Similarity Index Measure (SSIM) [69]
across all wavelengths between the truth (f) and recovered (f) objects. Since we are most
interested in changes in morphology we chose only to compute the structure term of the
SSIM, given below as SSIM;. Typically, SSIM is calculated across small windows of the
images by Eqn. 3.9 after being convolved with a small Gaussian kernel, and these SSIM
values are averaged together.

off—i-c;;

SSIM.(f, f) = (3.9)

of0f +c3
where f and f are first normalized to the same maximum value so that their values lie

2 represents the variance of the quantity, and c3 = 0.03%/2 for floating

between 0 and 1, o
point numbers [70]. For this work, we choose a window size of 11 x 11 pixels and a Gaussian
of FW HM = 1.5 pixels to convolve the inputs of Eqn. 3.9 with. A perfectly recovered object
would yield an SSIM of 1, while a value of 0 indicates no structural similarity. This metric is
particularly adept at measuring differences in perceived structure of images, and can reveal
subtle differences even when two distinct images give the same RMSE when compared to
the ground truth. Each metric has its strengths and so we report both metrics for all of our
results.

In this work we report the recovered object morphology at 5 selected passbands around

400 nm, 550 nm, 700 nm, 850 nm, and 1000 nm. We also examine the spectrum of each

pixel at all N, = 20 wavelengths, as compared to the spectra for the truth object and the
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diffraction-limited case. Finally, we remove the solar spectrum and QE curve and combine
the pixel spectrum of each respective material to assess our recovery of each material’s re-
flectance. For these experiments we incorporate read noise (ocgy = 2 e~) and photon (“shot”)
noise (the target brightness is mag +4) into the simulation. Furthermore, the wavefronts
used in the reconstructions are assumed to have come from a scene-based (“imaging”) Shack-
Hartmann wavefront sensor with 6 x 6 sub-apertures across the entrance pupil, and have
an RMSE of ~ 0.35 rad at 500 nm when compared to the truth wavefronts. This provides
a realistic estimate of the recovered wavefronts from a focal plane wavefront sensor, as per

[89).

3.4 Results

The diffraction-limited data, which are free from the deleterious effects of atmospheric tur-
bulence, provide a benchmark against which we can evaluate our hyper-spectral imaging
results. These benchmark data, which are shown in the middle row of Fig. 3.4, show a de-
creasing fidelity of the object’s morphology as the wavelength increases due to the effects of
diffraction. Quite simply, information on the high-spatial frequencies of the object becomes
increasingly depleted as the observing wavelength increases (see images in the right-hand
column of Fig. 3.5).

The recoveries for the noisy, degraded wavefronts experiment, shown in the bottom row
of Fig. 3.4, also demonstrate a degradation in the morphology of the recovered object with

increasing wavelength. However, the recovered morphology here is superior to that measured
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Figure 3.4 The top row shows the truth object for five selected wavebands from the 20
wavebands that were used to build the broadband images. The middle row presents the
corresponding theoretical diffraction-limited resolution images. The bottom row depicts
the recovered objects from simulated ground-based observations taken at zenith, through a
combined atmospheric turbulence of D /rq = 21. The ground-based observations incorporate
Gaussian read noise (ogy = 2 e ), shot noise for a magnitude +4 target brightness, and
the restoration used estimated wavefronts from a Shack-Hartmann wavefront sensor. The
recovery process reduces this wavefront error from 0.33 rad in the composite wavefront to
0.22 rad at 500 nm. The RMSE and SSIM, computed using Eqn. 3.8 and 3.9, respectively,
are shown to the upper right of the recovered object at each wavelength.

in the diffraction-limited resolution images. The improvement in fidelity is directly related
to the improved amplitudes of the spatial frequencies below the cutoff frequency and some
partial super-resolution (see the middle column of images in Fig. 3.5). It is well-known

that non-linear image restoration algorithms demonstrate the ability to recover spatial fre-
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Figure 3.5 Power spectrum of the truth object (left), recovered object (center), and
diffraction-limited object (right) at wavebands 400 — 430 nm (top row), 685 — 715 nm (cen-
ter row), and 970 — 1000 nm (bottom row) for observations taken at zenith with Gaussian
read noise, shot noise, and with degraded wavefronts. The cutoff frequency at each wave-
length is plotted in all three plots as a yellow circle. Within the cutoff frequency, we are
recovering spatial frequencies in the object to their true amplitudes. Additionally, we see
some meaningful recovery of spatial frequencies outside of the cutoff frequency. However, the
discrepancies between the true and recovered spatial amplitudes increase with wavelength,
particularly near and beyond the cutoff frequency. This is due to the reduction in spatial
information available in the data as the wavelength increases. These discrepancies lead to
artifacts in the recovered morphology, which in turn result in errors in the recovered spectra.

400-430 nm

685-715 nm

970-1000 nm
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quency information beyond the Rayleigh diffraction limit for objects of finite extent, through
bandwidth extrapolation (or “analytic continuation”; Lucy 100) . The amount of additional
information recovered is contingent upon the SNR of the data and the accuracy of the PSF
estimates. Even in cases where the SNR is insufficient to produce super-resolution effects
in the recovered image, these algorithms can still enhance spatial frequencies within the
diffraction cut-off frequency. This enhancement is clearly evident in Fig. 3.5.

As the morphological accuracy of the recovered object improves, spectral mixing in the
recovered hyperspectral signal, caused by residual image blur and reconstruction artifacts,
decreases. The spectrum of each pixel in the satellite is shown in Fig. 3.6. The effects of
this mixing are most damaging in regions of the target where its materials are changing
quickly with spatial location, i.e., the bus of the satellite. This effect can be clearly seen in
the recovered spectra from our diffraction-limited resolution images (see dotted lines with
star markers in Fig. 3.7). Here the recovered spectra for Kapton and Mylar are almost
indistinguishable from each other, show almost no variation with aging, and bear little
resemblance to the truth spectra. Whereas the spectrum for the solar panel material, where
the target has a relatively large number of contiguous pixels of the same material in two
areas, shows a striking similarity to the true spectrum for the material. Contrasted with the
recovered pixel spectra in Fig. 3.6 and the recovered material spectra in Fig. 3.7, it is clear
to see that reducing spatial smearing is crucial for recovering accurate spectra.

As dispersion acts like a prism in spreading the signal across the detector we were ex-

pecting to see an improvement in the recovery for data acquired at non-zero zenith angles
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Figure 3.6 Recovered spectrum of each pixel in the object at 20 wavelengths (solid line) for
noisy frames, degraded wavefronts, and observations at zenith (n = 0°). The bottom half
of the satellite is shown on the left and the top half on the right. Truth spectra are shown
as dashed lines (and in the right panel of Fig. 3.2). Colors correspond to the materials in
Fig. 3.2. Discrepancies in the recovered spectra around the bus of the satellite (center of
figure) are the result of spatial mixing of adjacent pixels. Mixing increases towards larger
wavelengths due to the loss in resolution.
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Figure 3.7 Mean, recovered material reflectance for observations taken at zenith angle n = 0°
where the frames are corrupted by read noise and shot noise, and the initial wavefronts
estimates possess 0.332 £ 0.004 rad of wavefront error at 500 nm when compared to the
truth. The initial wavefront estimates are updated in the recovery process and contain
0.217+£0.009 rad wavefront error at 500 nm at the end of the recovery process. The recovery
was performed for N, = 20. These spectra are obtained by averaging all of the pixel
spectra for each material and removing the solar spectrum and QE curve. The shaded
region represents the standard-deviation of the mean RMSE for recoveries made with four
different time series of data, each performed with N; = 102. The truth spectra are shown by
the dashed lines and the theoretical diffraction limited results for a 5-channel multi-spectral
imager are shown as dotted lines with star markers.

without dispersion correction optics, despite the reduced SNR with smearing. We therefore
studied the performance of our restoration algorithm for observations taken at a zenith an-
gle of n = 30° without dispersion-corrective optics and with dispersion correction. What
we found (see Fig. 3.8) was counter to our expectations: the fidelity of the recovery made
with the corrected data was better than that obtained with the uncorrected data. The likely
reason for this difference is the lower SNR value of the latter due to the spreading of the

signal [99].



66

400-430 nm  535-565 nm 685-715 nm  835-865nm  970-1000 nm

4 + + ¢

Truth
Object

2.57 x 102 2.87x 1072 2.74 x 1072 1.62 x 102 8.70 x 1073
0.77 0.69 0.69 0.74 0.70

Dispersion
Uncorrected

75 %1072 3.01 x 1072 2.79 x 1072 1.49 x 1072 8.46 x 1073
.00 0.82 0.70 0.77 0.66

- & ¥ 1

— N

Dispersion
Corrected
]
|

Figure 3.8 Recovered object at 5 wavebands for observations taken at n = 30° with both
Gaussian read noise and shot noise present, and with degraded wavefronts. The top row
shows the truth object, the middle row shows the recovered object when dispersion is not
corrected-for at the detector, and the bottom row shows the recovered object when a disper-
sion corrector is used. The RMSE and SSIM, computed using Eqn. 3.8 and 3.9, respectively,
are shown to the upper right of each recovered object slice.

3.5 Discussion & Conclusion
We have used numerical simulations to show that hyperspectral speckle imaging has the

potential to be a viable tool for extracting wavelength information from resolved targets and

recovering the reflectance spectrum of each pixel in the recovered object. This capability
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Figure 3.9 Mean, recovered material reflectance for observations taken at zenith angle n = 30°
where the frames are corrupted by read noise and shot noise, and the initial wavefronts es-
timates possess 0.33 rad of wavefront error at 500 nm when compared to the truth. The
initial wavefront estimates are updated in the recovery process and contain 0.21 rad wave-
front error at 500 nm at the end of the recovery process. The recovery was performed for
N, = 20. These spectra are obtained by averaging all of the pixel spectra for each material
and removing the solar spectrum and QE curve. The truth spectra are shown by the dashed
lines and the theoretical diffraction limited results for a 5-channel multi-spectral imager are
shown as dotted lines with star markers.

could pave the way for ground-based materials identification and improved characterization
of satellites in the near-Earth environment, and could lead to advances in aging studies.
These results, however, serve as a proof-of-concept and will be followed-up with on-sky
measurements of resolved targets in LEO, such as the numerous Starlink satellites since they
have simple compositions (mainly solar panel).

To recover spectra that closely demonstrate the wavelength behavior associated with the
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underlying material, we need to minimize spectral mixing caused by spatial blurring and
reconstruction noise in the recovered image. Even measurements acquired with diffraction-
limited resolution suffer from significant distortion due to the spatial blur in the image from
diffraction. With accurate estimates for the PSF's we can recover an estimate of the target
object with high-spatial frequencies (inside the cut-off frequency) that have amplitudes closer
to the true amplitudes than are available in diffraction-limited resolution observations. We
have shown that allowing the wavefronts to update in our recovery process improved the
wavefront error by 37%. This improvement in the wavefront error directly translates into
improved morphology in the recovered target object. The results from [89] are for the case
of monochromatic wavefront sensing, but we suspect that higher-fidelity wavefronts can be
obtained using broadband wavefront sensing. This is due to dispersion in the atmosphere
causing the light at different wavelengths to sample the upper atmospheric layers differently.
This slightly different sampling of the upper layers with changing wavelength should allow for
improved sampling of these layers, analogous to the sub-sampling of the wavefront achieved
by incorporating frozen flow behavior into the modeling of the wavefront [101].

The results presented here are constrained only by imposing positivity on the recovered
object. However, additional regularization on both the object morphology, using total-
variation regularization, and the pixel spectrum, through a cross-spectral regularizer, would
provide a means for improved performance. Proper implementation of a total variation reg-
ularizer, however, requires the shift to a proximal splitting framework, such as ADMM [73],

or its more recent extension, bSDMM [74]. These proximal splitting frameworks are conve-
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niently adept at parallelizing large problems of this sort, potentially allowing for networks
of computers to process these data on more-feasible timescales.

Our results are simulated for moderate turbulence, however, ry scales with the zenith
angle 1 as ro o secn, where at 60° the effects of turbulence are effectively double that at
n = 0. Realistically, the ability to perform recoveries through strong turbulence means that
a larger portion of the sky is accessible to our technique. To recover material spectra through
these turbulence levels, thought must be given to the way data are acquired. One proposed
paradigm is that of [102], where the telescope’s aperture is partitioned into a set of annuli.
Each annulus probes a region of the target’s power spectrum and allows for “bootstrapping”
through spatial frequencies by individually introducing apertures into the reconstruction one
by one. In their analysis they found noticeable improvements in a recovered monochromatic
object with a multi-annulus scheme over a single aperture through strong turbulence. Further
improvements to this technique have been proposed by [103] where the particular size of
each aperture is carefully selected to maximize the speckle transfer function of the observing
conditions.

Finally, the wavelength range over which we probed corresponds to the range of sensi-
tivity for silicon-based detectors. However, the wavelength range of our observations can be
extended to 400 nm — 1700 nm by using a new high sensitivity SWIR image sensor, such
as the Sony IMX991*, that uses a combination of InGaAS photodiodes and silicon readout

circuits to achieve a broader spectral range.

‘https://www.sony-semicon.com/en/products/is/industry/swir/imx990-991.html


https://www.sony-semicon.com/en/products/is/industry/swir/imx990-991.html
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3.6 Table of Variables

Below is a table containing each variable used in this chapter and a short description of that

variable.

)
®
&

Complex conjugate

Convolution operator

Correlation operator

Matrix transpose

Constant used in the SSIM calculation

Observed image for time ¢

D Diameter of telescope

hBB

hx(t)

Dispersion operator at wavelength \ and zenith angle n
Wavelength bandpass

Change in position in arcsec (7) due to atmospheric diffraction at wavelength A
Operator that selects the region of layer [ at wavelength A and time ¢
Cost function

Zenith angle

Broadband approximation of the object

Object at wavelength A

Object estimate at wavelength \

Fourier transform operator

Model image a time ¢

Broadband approximation of the PSF

PSF at wavelength A for time ¢

Imaginary part of input

Wavelength

Mean wavelength

Index of number of wavelengths to integrate over per passband
Index of refraction at wavelength A

Number of pixels along one side of the image

The number of wavelengths to integrate per passband

Number of wavebands used in the recovery process

Number of wavebands used in data generation

Number of atmospheric layers



Nmeas
Nobj

var

71

Number of measurements

Number of variables needed to express the object in the recovery process
Number of observations

Spatial frequency

Outer scale spatial frequency

Inner scale spatial frequency

Statistical weight of observation at time ¢

modified von Karman power spectral density
Complex pupil function at wavelength A and time ¢
Complex wavefront phase at wavelength A and time ¢
Fried parameter

Ratio of the number of variables to the number of measurements
Real part of input

Root Mean Square Error

Information entropy for observation at time ¢
Structure term of the SSIM calculation

Variance of the truth object

Variance of the recovered object

Covariance between the truth and recovered objects
Read noise

Time

Wind velocity of layer [ in pix/frame

Wavelength index

OPD of layer [
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CHAPTER 4

Optics Experiments for Speckle Imaging

This chapter marks the step from the realm of digitally-simulated photons (and their associ-
ated noise) to real, physical photons and real detectors. It is broken into two main sections
1.) the building of an atmospheric turbulence simulator, named Advanced Reconnaissance of
Earth-orbiting Satellites (ARES), and the experiments that it is feeding and 2.) the building

and commissioning of a 2-channel broadband speckle imaging instrument.

4.1 ARES Turbulence Simulator

The algorithms and methods presented in Chapters 2 and 3 are benchmarked by their ability
to recover a known object under known turbulence. On sky it is difficult to truly test the
performance of an instrument without knowing what the true conditions were at the time
of observation. Furthermore, we lose the luxury of knowing the true morphology of the
target, in the case of satellites in Low Earth Orbit (LEO). Benchtop turbulence simulators
provide exactly the right controlled environment to test new instruments and algorithms.
Historically, turbulence has been generated in the laboratory by either 1.) altering the tem-
perature and wind in the beam path with heating elements and fans [104] or 2.) introducing
a transparent material to the beam [105, 106]. The first method produces accurate turbu-
lent conditions at the expense of repeatability. The exact turbulence cannot be replicated
exactly. The second method uses glass plates that are either coated in hair spray [105] or
inscribed with phase screens that match Kolmogorov statistics [107]. The downside to these

plates is that they require expensive, precise fabrication and only provide a single instance
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of the atmosphere. They can be spun to simulate an evolving atmosphere. [108] showed
that an optical system with phase plates can be tuned to provide the required atmospheric
characteristics. State-of-the-art turbulence simulators, however, opt to use Spatial Light
Modulators (SLMs) because of their dynamic nature and adaptability [109]. Phase screens
can be updated on the fly to resemble translating and boiling phase screens. For this reason,
we have chosen to create an atmospheric turbulence simulator based around a set of SLMs.
As a refresher, SLMs operate by applying a voltage to a lattice of liquid crystals, causing
the crystals to change orientation, which then changes the index of refraction in that region.
This imparts a phase change to the incident wavefront. Specifically, we use Meadowlark
Optics 1920 x 1152 pixel High-Speed SLMs, which have 9.2 ym pixels and can switch phase
screens at frequencies up to 555 Hz. They operate by simply uploading a bitmap image to

the device with the phase to be imparted on the beam.

4.1.1 Optical Design

Prior to ARES there is a dual-source laser module, seen in Fig. 4.1. This laser module is
composed of a fixed, on-axis source and an off-axis source on a translation stage. Each source
is paired with a linear polarizer and half-wave plate for polarization and brightness control.
The two sources are then combined using a beam splitter and collimated with a collimating
lens. Finally, the beam is ~ 40 mm in diameter and placed on an aluminum plate with a
pair of circular, 10 mm apertures that produce two independent 10 mm beams for ARES to
utilize. These beams are used to build two identical “legs” of ARES that each function as

an independent turbulence generator in the experiments.
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Figure 4.1 Laser module that feeds ARES, composed of two lasers, one of which is on a
translation stage to change the separation between sources.

The optical schematic for ARES can be seen in Fig. 4.2, where the optical schematic for
each leg is identical. First, the 10 mm beam encounters a set of relay optics (L1-L2) that
fold the beam (M1) and relay the face of the aluminum aperture to SLM1. This SLM will
act as the high-altitude layer of the atmosphere. An optical trombone (M2-M5) is placed
directly after SLM1 to add simulated height to the high-altitude phase screen. From there,
a half wave plate (HWP1) is placed to rotate the polarization vector to match the preferred
polarization of SLM2. When the optical trombone is set such that there is no distance
between SLM1 and SLM2 (i.e. SLMI is in the ground layer), SLM1 is relayed to SLM2, in
the ground layer, by a set of relay optics (L3-L4) and a fold mirror (M6). The beam is then

expanded (L5-L6) and folded (M7) a final time to a diameter of 13.3 mm to fill the face of an
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Figure 4.2 Schematic of the ARES turbulence generator. The key components of ARES
are SLM1 and SLM2, acting as the high altitude layer and ground layer of turbulence,
respectively. The optical trombone, M2-M5, set the height of the upper layer.

Alpao Deformable Mirror (DM)-97 (DM1). The Alpao DM-97 features 11 actuators across
the pupil each with a maximum actuator stroke of 60 pum for tip/tilt correction or 40 pm
for astigmatism and defocus correction, and operates at a maximum speed of 700 Hz. A
50:50 beam splitter (BS1) feeds a Shack-hartmann wavefront sensor (WFS1) with 32 lenslets
across the pupil, each sampled by 2 x 2 pixels, that is in a closed loop with DM1. The DM
is flattened by sending a plane wave through the system where it is sensed by Wavefront
Sensor (WFS)1 and corrected by DM1. We are able to achieve the minimum wavefront

distortion quoted by the manufacturer of 7 yum RMSE for an incident plane wave. ARES,
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as it appear on the bench, is seen in Fig. 4.3.

4.1.2 Phase Wraps

The 13.3 mm output beam is collimated and contains the phase imparted by each atmo-
spheric layer and any amplitude variations due to Fresnel propagation. Additionally, the
SLMs are limited to phases between 0 — 27, meaning that larger values are wrapped to fit in
this range. These wraps cause diffractive effects that manifest as amplitude variations along
the site of the wrap. The effects of these variations on the Point-Spread Function (PSF) can
be quite severe, so we must therefore include them in our modeling. We approximate the
locations of the phase wraps by applying the Sobel operator! [110] to the wrapped phase
screen and then scaling and thresholding the result such that the amplitude map contains
values between 0 — 1. Fig. 4.4 shows the effect on the PSF of these amplitude variations for

8 waves of defocus. The result is a bright spot that outshines the rest of the PSF.

4.1.3 Zero-Order Diffraction Spot (ZODS) Remowval and SLM Flattening

SLMs are not perfect devices. As stated in Sec. 1.2, they contain pixels that can be pro-
grammed to impart phase changes on a beam. However, there is space between pixels, ap-
proximately 3.5% of the area inhabited by the beam, that reflects light without adding phase.
This produces a bright spot in the PSF, known as the Zero-Order Diffraction Spot (ZODS).
Rather than modeling this spot in post production, we chose to remove it optically. This was

done by simply adding defocus to the final phase screen. This does not technically “remove”

IThe Sobel operator calculates the vertical and horizontal gradients of an image and is usually used as
an edge-finding operator.
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Figure 4.4 Comparison of the expected results without (top row) and with (bottom row)
amplitude variations from phase wraps for 8 waves of defocus. The phase screens can be
seen in the first column and the amplitudes are seen in the second column. The third column
shows the simulated PSF formed by these phases and amplitudes and column four shows
the common logarithm of the PSF. Finally, the last column shows the common logarithm
of the fractional difference between the two PSFs (top) and a histogram of the logarithmic
fractional differences (bottom).

the ZODS completely, but rather pushes it out of focus with respect to the atmospheric PSF.
The effect of this method can be seen in Fig. 4.5. As can be seen, the ZODS is pushed into
the far field without losing much fidelity in the generated PSF.

Next, the SLMs have some curvature in their coverglass which adds some unwanted phase
variation. The optics in the system are also not perfectly aligned and add some degree of
unwanted astigmatism and defocus, mainly. By measuring this added phase (¢), we can
apply the conjugate (2m — ¢) to the SLM to cancel out the aberrations. This will enhance

the fidelity of generated PSFs with ARES. We will accomplish this task using the technique
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No defocus With defocus Synthetic

Figure 4.5 Removal of the ZODS with defocus. Left shows the PSF from ARES with the
ZODS present (within the red box). The center image shows the result of adding defocus to
the phase screens. The right image shows the computer-generated PSF for comparison to
evaluate any degradation in fidelity as a result of adding defocus.

of phase diversity [29]. Phase diversity works by adding a known phase, i.e. the diversity
phase ¢p, and observing the change in the PSF. With enough PSF measurements, we can
solve for the static phase ¢y. In practice, we choose to add a number of low-order Zernike
polynomials as the diversity phase. Specifically, we add +1 wave of defocus, £1 wave of
oblique astigmatism, +1 wave of vertical astigmatism, +1 wave of vertical coma, +1 wave of
horizontal coma, and £1 wave of primary spherical aberration?. More than one wave of each
aberration can be used instead but this increases the density of phase wraps in the phase
screen. The use of bi-symmetric pairs was shown by [111] to produce better retrievals than the
traditional one-sided (i.e., +1 wave of aberration) phase diversity method. Mathematically,

we want to find the optimal static phase (éo) that minimizes the discrepancy between our

2In the Noll indexing scheme, where the matrix index of the Zernike polynomial is represented with one
number rather than two, these correspond to indices 4, 5, 6, 7, 8, 10, and, 11, respectively.
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observed (h) and simulated PSFs (h). To do this we minimize the following equation:

Nzer'n

€= Z th_hn”g , (4.1)
n=1

, where N..., is the number of PSFs collected for the analysis, n is the index for each
measured PSF, and || - ||2 is the ¢5 norm. For our case, N,e.,, = 12. Since the laser source is
a point source, the collected images, scaled to have unit volume, are images of the PSF, or

rather I = 0 ® h = h. The simulated PSF's are given by
o = |Fpal? (4.2)

where p, = A, exp(ib,), 0, = b0 + ®pn, and ¢p, is the known diversity phase from aberra-
tion n. We use the Variable Metric Limited Memory Bound (VMLMB) minimization engine
in OptimPackNextGen.jl? to solve for ¢o. Analytic gradients for the minimization can be
found in Appendix A. The recovered static phase at each SLM can be seen in Fig. 4.6. Fig.
4.7 shows the diffraction-limited PSF before and after flattening. In both cases, we see a
noticeable visual improvement in the diffraction-limited PSF after flattening as well as a

lower RMSE value between the observed and ideal PSFs.

4.1.4 Performance

Now that the static aberrations in the system are corrected we can evaluate ARES’s ability to
generate accurate turbulence. For a single layer of turbulence, the simulated and observed
PSFs can be seen in Fig. 4.8. Visually, these PSFs show strong agreement with their

computer-generated counterparts. A quantitative comparison is seen in Fig. 4.9 where we

Shttps://github.com/emmt/OptimPackNextGen. j1


https://github.com/emmt/OptimPackNextGen.jl
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Figure 4.6 The static phase in units of radians recovered at SLM1 and SLM2 using a phase
diversity process.
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Figure 4.7 Comparison of the observed PSF at each stage of flattening, starting with the
simulated diffraction-limited PSF for an ideal system, then moving to the observed PSF
before flattening, the PSF after flattening SLM1, and finally after flattening both SLMs 1

and 2. Each image is shown on a square-root scale. The Root Mean Square Error (RMSE)

between the simulated PSF and each observed PSF is shown in the upper right corner of
each plot, in units of 10~* intensity units.
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Figure 4.8 Simulated (top row) vs observed (bottom row) PSFs generated with ARES for 1
atmospheric layer. PSFs are generated at D/ry values from 5 — 80, going from left to right.
Images are thresholded so that the bright spot from phase wraps does not drown out the
structure of the atmospheric PSF.

Simulated

Observed

have computed the Structural Similarity Index Measure (SSIM) [112] between the two sets
of images. Identical images will yield an SSIM of 1 while images with no structural similarity
will yield an SSIM of 0. Here, we are seeing a strong level of agreement all the way up to
D/ry = 60 and a decrease in performance at stronger turbulence values. The decrease in
performance is likely a result of the bright spot from phase wrapping dominating the PSF
and from the faint background light of the ZODS being brighter, relative to the brightest

speckles.

4.2 SLM as an Imaging Shack-Hartmann (ISH)-WFS

Using ARES, we also investigated the use of an SLM as an ISH-WFS. In this experiment,

we partition the beam into an array of Fresnel lenses on the SLM where we can dynamically
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Figure 4.9 SSIM vs D/rq for the set of simulated and observed PSFs generated with ARES.

change the focal length, size, and number of lenslets across the pupil. An example phase
screen for a 6 x 6 lenslet array that is put on the SLM can be seen in Fig. 4.10. This idea
of an adaptive microlens array was proposed by [113], implemented by [114], and tested on
simulated atmospheric wavefronts by [115] in an Adaptive Optics (AO) loop. They did a
traditional spot-centroid routine to measure the local slope of the wavefront rather than a
detailed modeling of the lenslet images (as in Chapter 2). In addition to collecting the lenslet
images we also image the intensity at the pupil plane. This allows us to approximate the
amplitude variations in the complex wavefront due to phase wraps. An example of the two

sets of images collected is seen in Fig. 4.11. Using an SLM as an ISH WFS, we can test
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Figure 4.10 6 x 6 Fresnel lenslet array placed on the SLM to simulate a microlens array.

Figure 4.11 (left) Shows an example of a pupil-plane intensity image showing the amplitude
variations from phase wrapping in the turbulent phase screens. (right) Shows a set of example
lenslet images generated from the turbulent phase screens.
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a wide variety of configurations of lenslets and their performance through different levels of
turbulence without needing to swap any optics. Furthermore, since ARES is equipped with

an AO system, we can also test our methods using A O-compensated speckle images.

4.3 ARGOS 2-Channel Broadband Speckle Imager

The ARGOS 2-channel imager is meant to collect the data that were simulated in Chapter 3.
As a review, the results in Chapter 3 hinge on the ability to collect full aperture focal plane
images and high-fidelity estimates of the wavefront. From Chapter 2, we know that high-
fidelity wavefronts can be recovered by post-processing ISH-WFS data. Thus, the ARGOS
2-channel imager is composed of a full-aperture imaging channel and an ISH channel. The

specifics of the design are outlined in the following section.

4.3.1 Optical Design

The optical schematic for the ARGOS 2-channel imager is found in Fig. 4.12. First, the
beam from the telescope exits the Nasmyth port as a converging beam with focal ratio
f/# = 6.5. We place an adjustable field stop at the prime focus of the telescope to limit the
Field of View (FOV). Then, the light is collimated by Off Axis Parabola (OAP) 1 and folded
by mirror M1. A dichroic beamsplitter with cut-on wavelength 805 nm splits the beam into
a “red” channel (transmitted A > 805 nm) and “blue” channel (reflected A\ < 805 nm). The
blue channel is the full aperture channel and terminates with OAP2 to focus the beam on
camera C1 to collect the images. The red channel is the WFS channel and consists of a

beam reducer (L1-L2) that shrinks the beam such that it samples the 10 x 10 lenslets of
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Figure 4.12 ARGOS 2-channel broadband speckle imager optical schematic.

the Micro Lens Array (MLA). Then, the beam is folded by mirrors M2 and M3, and then
lens L3 focuses the beam and sets the magnification of the lenslet images where they are
finally collected by camera C2. All of the plane mirrors are coated with protected silver to
maximize reflectance across the entire visible range. Lenses L1, L2, and L3 are achromats
with Thorlabs’” AB coating, which has the broadest anti-reflectance properties in the visible
range (see Fig. 1.4 for wavelength range). Since the cut-on wavelength of the dichroic is
805 nm and the longest wavelength we can detect is ~ 1000 nm, the effect of focal length

shift with wavelength is not expected to be significant over this range, justifying the use of
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refractive optics for the red channel. Both cameras are Andor Zyla v5.5 sSCMOS cameras
and are rigged to a function generator for high-precision triggering. The Andor Zyla v5.5
sCMOS cameras have a 2560 x 2160 pixel sensor with 6.5 pum pixels, 6.5 e~ read noise, a
maximum frame rate of 201 frames/s (5 ms exposure with overlapping readout) for 512 x 512
pixel frames, and a maximum Quantum Efficiency (QE) of 0.6 at ~ 600 nm.

The instrument, fully operational, is seen in Fig. 4.13 attached to the side of the Hard
Labor Creek Observatory (HLCO) Planewave CDK700 telescope. The optics in the instru-
ment are all placed on kinematic mounts, meaning that components can be swapped easily
without the need for realignment. This is handy when users want to observe over different
wavelength regimes. We have available a 650 nm cut-on dichroic for increased Signal-to-Noise
Ratio (SNR) in the WFS channel but it comes at the cost of the furthest wavelengths from
the center being defocused a slight amount. For those wishing to observe across a narrow
passband, we have a 50:50 beamsplitter mounted on a kinematic mount outside of the beam
path that can be hot swapped for the dichroic with no realignment necessary. Additionally,
a set of Chroma 2”7 Sloan ugriz filters are mounted and can be screwed into a 2”7 lens holder
for narrowband operations. Built onto the board is also an alignment laser (right side of Fig.
4.13) with a set of mirrors and a lens carefully selected to match the f/# of the telescope.
This alignment source is not necessarily perfectly aligned but allows the user to align the

instrument close enough so that a more-thorough alignment can be done with a bright star.
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Figure 4.13 ARGOS 2-channel imager attached to the Nasmyth port of the HLCO Planewave
CK700 telescope.

4.3.2 Preliminary Results € Current Limitations

The instrument, although mounted on the telescope, has not been used to produce any
notable results. However, we took preliminary measurements of Vega on 24 August 2024
and Saturn on 22 September 2024. These data can be seen in Fig. 4.14 and 4.15, respectively.
Both datasets were acquired within astronomical twilight and contain 100 x 5 ms full aperture

frames of size 512 x 512 pixels and a contemporaneous set of WFS images of the same
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Wavefront Sensor

Full Aperture

Figure 4.14 Full-aperture data frame (left) and ISH data frame (right) of Vega acquired with
the 2-channel broadband speckle imager on 24 August 2024.

exposure time and size. Given the historically-poor atmospheric conditions at HLCO, the
coherence time of the atmosphere on a given night is potentially lower than our exposure
time of 5 ms. However, to maintain a suitable SNR we chose not to reduce our exposure
time. Observations of Vega were taken within 5° of zenith while observations of Saturn were
taken at approximately n = 55°.

Several important things can be learned from these images. Looking at Fig. 4.14, we can
see that the WFS channel of the instrument has one additional subaperture image across
the pupil than intended (11 observed vs 10 planned). This means that the magnification

of the beam onto the MLA provided by the 4f system (M = 0.2) is not exact (M = 0.192
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Figure 4.15 Full-aperture data frame (left) and ISH data frame (right) of Saturn acquired
with the 2-channel broadband speckle imager on 22 September 2024.

needed for perfect lenslet sampling) and provides a slight over-filling of the MLA. This is
not necessarily a problem and is a consequence of using a simple 4f system for magnification
control. Exact magnification could be achieved with the addition of several meniscus lenses
before and after the lenses of the 4f. This comes at the expense of reduced throughput. As
for the magnification of the MLA images, which is set by the final lens of the WFS channel
(L3 in Fig. 4.12), we see in Fig. 4.15 that the subaperture images are somewhat overlapping.
This can be remedied by changing the magnification of the subaperture images by altering
the distance of the final imaging lens in the WFS channel from the MLA. It may be the

case that, in order to achieve Nyquist sampling, the subaperture images will overlap. In that
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case the ML A would be replaced for one with a larger lenslet pitch (i.e. the spacing between
lenslet centers).

We can also see that the subaperture images have a low SNR, which, at first glance,
might be surprising for a magy, = 0 mag target like Vega. This could be due to the spectrum
of Vega peaking at ~ 290 nm, where the WFS channel of the instrument is sensitive to light
between 805 — 1000 nm. It would be more advantageous to utilize the 50:50 beamsplitter for
this case or a dichroic with a cut-on wavelength closer to the peak wavelength of the target.
If using a beamsplitter, the focal length shift with wavelength is something that needs to be
considered and accounted for in the modeling of the images.

Next, the FOV of the instrument was not entirely known prior to these on-sky images.
Looking at Fig. 4.15, if we consider the globe of Saturn to be 20” in diameter, that makes the
FOV across the full image ~ 159”. Unfortunately, the instrument uses OAPs to collimate
and focus the beam from the telescope and these optics are known only be well-behaved
across narrow FOVs, much narrower than the entire FOV of our images. We observed
significant coma outside of ~ 20” from the image center. This presents a problem for target
that exceed this extent and means that the pointing model of the telescope needs to have
sub-arcsecond precision. Over the course of several nights we built a point model consisting
of 70 points evenly distributed in azimuth and between altitudes of 45 — 85°. From this
we were able to achieve ~ 3”7 precision, which is insufficient for operating this instrument
effectively. Additionally, for targets in LEO, tracking errors are more pronounced than

objects that track at a sidereal rate. Compounded with pointing errors, we see > 107
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pointing error when tracking objects in LEO. In all, the next iteration of this instrument
would see both OAPs replaced with achromatic doublet lenses, both for ease of alignment
and for greatly-reduced aberrations far from the image center, meaning larger FOVs can be
imaged accurately. Again, this does increase the complexity of the modeling that would need
to be done to reproduce the images.

Unfortunately, there are obtrusive “donuts” in every single frame (most apparent in the
full-aperture image in Fig. 4.15) that come from condensation on the camera sensor due to
the camera’s desiccant being saturated. For both of the Andor Zyla v5.5 sCMOS cameras,
the only way to fix this is by sending them to the company for servicing. This processes
is both costly and lengthy, meaning that the instrument is out-of-commission until spring
2025, at the earliest. These donuts render every image unusable for analysis. However, as
is seen above, they still provide a useful diagnostic for learning some basic properties of the
instrument.

Finally, an overlooked component that would be extremely useful in this setup is an atmo-
spheric dispersion corrector. As is seen in Chapter 3, dispersion-corrected images are easier
for our code to reconstruct and reduce the complexity of the modeling slightly. Something
that is not considered in Chapter 3 is the slight decrease in signal from the imperfections in
the optics of the dispersion corrector. This should not, however, have a detrimental effect

on the SNR of the images.
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4.4 Table of Variables

Below is a table containing each variable used in this chapter and a short description of that

variable.

To

Re{...}

Complex conjugate

/5 norm

Convolution operator

Matrix transpose

Complex wavefront amplitude for observed PSF n
Telescope diameter

Delta function

Cost function

Inverse 2D Fourier transform operator
Observed PSF for Zernike n

Model PSF for Zernike n

Imaginary unit

generic image

Imaginary part of input

Wavelength

Number of Zernikes used in phase diversity
Pupil function for observed PSF n
Diversity phase for Zernike n
Estimated static phase

Fried parameter

Real part of input

Composite wavefront phase for observed PSF n
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CHAPTER 5

Discussion, Conclusion, and Future Work

As with all projects, there is a treasure trove of projects to build upon or improve these
results. In this chapter we discuss ways to move forward and implications of this work for

the broader community.

5.1 Closely Spaced Objects (CSOs)

The work in Chapter 2 and 3 can be combined to perform wide-field hyperspectral speckle
imaging. Assuming we see the comparable performance gains across narrow Field of Views
(FOVs) as in Chapter 2, we would expect this to boost our ability to detect Closely Spaced
Objects (CSOs). Generally speaking, CSOs consist of small, faint bodies placed close to
large, bright bodies. In astronomy this is equivalent to a high-contrast binary system, such
as a binary stellar system or an exoplanet system. In the Space Domain Awareness (SDA)
community, this typically refers to a “snuggler” satellite, or CubeSat, parked next to a large
satellite. The intentions of these snugglers can be nefarious, so it is paramount to national
security that we be able to sniff out bad actors at all times. As an initial test, we placed an
unresolved, purely solar panel CSO 8 pixels (0.125”) from the main satellite in Chapter 3
and gave it a contrast of 1072, With noise-free observations and perfect knowledge of the
wavefronts we were able to recover the morphology and the spectrum of the CSO, as seen
in Fig. 5.1. Under the presence of noise and degraded wavefronts we expect these results to
suffer. However, with enough iterations we still expect to detect the CSO, even if the spec-

trum is not recovered with the exact morphology. Additionally, these data were synthesized
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Figure 5.1 (left) The recovered morphology of the main satellite and the CSO to the lower
right on a logarithmic scale. (right) The recovered spectrum of the CSO at 101 wavelengths.

with an isoplanatic imaging model. When synthesized with an anisoplanatic imaging model,
the recovered spectrum of the CSO would likely show a larger difference than what we see in
Fig. 5.1, similar to the results found in Chapter 2. This again highlights the need for a full
anisoplanatic solution. Knowing the true contrast of the CSO sheds light on its projected
area, which has implications to the technological infrastructure onboard and the capability
of the spacecraft. As we will see in Section 5.4, the task of anisoplanatic modeling of poly-
chromatic data is extremely computationally expensive and requires considerable effort to
provide results in a meaningful time frame. CSOs present a threat to national security and
potentially require immediate action. Computations that take months to complete serve as

a major weakness in our ability to characterize CSOs.
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5.2 Extension to 30 m Class Telescopes

This work has shown that atmospheric turbulence provides diversity in speckle images that
can be leveraged to glean information on the underlying target that we may have otherwise
missed out on, such as high spatial frequency information (see Chapter 2) or spectral infor-
mation (see Chapter 3). [89] showed that the 2-channel imaging scheme works for strong tur-
bulence, up to at least D /rq = 80, seen by a D = 3.6 m telescope, and [102, 103] showed that
an annular partitioning scheme can provide further performance gains through particularly
strong turbulence by probing different regions of the turbulence and target power spectrum
individually. However, the strengths of turbulence that will be seen by the upcoming 30 m
class of telescopes is unprecedented. For example, for good seeing on Haleakala of ro = 18 cm
at 500 nm a 3.6 m telescope sees D/ry = 20, considered moderate turbulence, while a 30 m
telescope sees turbulence of strength D /rq = 167, considered extreme turbulence. To correct
for this level of turbulence will require extreme Adaptive Optics (AO) systems with large
numbers of actuators and large actuator stroke. However, residual wavefront error from
residual turbulence errors can be corrected using a variation of the deconvolution process in
Chapter 2. Additionally, our method of Multi-Frame Blind Deconvolution (MFBD) may be
capable of directly unscrambling images through this extreme level of turbulence without

AO compensation.



97

5.3 Hybrid Optical Telescope Concept

Given the task of high resolution imaging of satellites from Low Earth Orbit (LEO) out to
Cislunar space, we have also been experimenting with the Hybrid Optical Telescope (HOT)
architecture. In the HOT concept, a set of ring-distributed, smaller-aperture telescopes
are deployed within a tensegrity structure to gain both improved angular resolution and
mechanical stability. This, of course, comes at the expense of reduced light gathering power,
compared to a similar-diameter segmented telescope. However, HOTs are much more cost-
effective than traditional monolithic and segmented telescopes, coming in at approximately
1/10th of the cost for an equivalent-sized segmented telescope and 1/5th the cost of an
equivalent-sized interferometric array. Additionally, the HOT does not require the complex
optics of an interferometer, such as delay lines and beam combiners, since the segments of
the telescope are slewed as one entire structure. For the task of high-resolution imaging, the
HOT presents a unique opportunity to perform Point-Spread Function (PSF) engineering.
Since each segment is controlled by its own set of motors and drives they can each be
manipulated to produce features in the PSF such as a dark hole that can be used to scan for
faint companions. Using the equipment in the Remote Sensing for Space Sciences (RSSS)
lab at Georgia State University (GSU), [116] was able to generate a dark hole using a
small-scale aluminum aperture to simulate a ring of HOT apertures and an Spatial Light
Modulator (SLM) to impart phase perturbations (see Fig. 5.2). These results are without
corruption by the atmosphere, meaning that further gains could be realized with a wavefront

sensor and post-processing scheme. Wavefront sensing on this configuration of mirrors is not
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Figure 5.2 Dark hole generated with a HOT aperture and SLM. The first column shows the
computer generated diffraction-limited PSF with a dark hole indicated by the red arrow.
This PSF is generated by performing a Zernike decomposition of the PSF with the hole and
selecting the first 40 Zernike modes to reconstruct the phase. The middle column shows the
observed PSF on the optical bench using this reconstructed phase. The final column shows
the same PSF but with correction for static phase on the SLM, using the procedure given
in Sec. 4.1.3. The first row shows the case of a single point source and the second row shows
the case of a fainter secondary source within the dark hole. Finally, the numbers in the lower
right corner of each plot are the contrast between the flux in the central spike of the PSF
and the flux within the dark hole.
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exactly intuitive and work is currently being done to find the most-optimal way to implement

a waveiront sensor on an HOT.
5.4 Improvements to MFBD. jl

The work presented here uses the open-source MFBD. j1 code!. This code has many avenues
for improvement and extension. First, the analysis code needs to be rewritten to include
several factors. We are in the process of including the reflectivity of each lens and mirror in
our modeling, however, this has not been tested fully. Next, our 2-channel broadband speckle
imager is not a perfect instrument, meaning that the static phase of the system would need
to be solved for in the code. Also, any background flux (significant for daytime observations
and low Signal-to-Noise Ratio (SNR) environments) needs to be accounted for in the code
as well. In terms of the minimization engine, we are simply finding the set of parameters

(f) that minimize the ¢, distance between the observed (d) and modeled (g) data frames,

argmin, [Ir(6)[[3 ,

i.e., maximum likelihood estimation, which sometimes shows “ringing” in the recovered ob-
ject due to correlated noise in the residuals. Instead, [117] proposed minimizing a selected

portion of the autocorrelation of the residuals

argmin, Z Macrlr(0) @ r(0)]*,

x?y

'https://github.com/djohn134/MFBD. j1


https://github.com/djohn134/MFBD.jl
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i.e. maximum residual likelihood, where M cr is a mask that selects the lag terms to min-
imize, that are typically set by the size of the PSF. This avoids correlated noise in the
residuals and does not produce ringing artifacts in the recovered object. Since autocorrela-
tions can be expressed in terms of fast Fourier transforms, we do not expect the increased
computational cost of implementing this method in our code to be significant. Thus, to
improve the fitting of noise in our data we will implement a maximum residual likelihood
scheme in the future.

Since the same code was used for the work in Chapters 2 and 3, a full tomographic
solution for the atmosphere could theoretically be obtained from broadband wavefront sensor
data. In fact, this approach would need to be taken to analyze data from the 2-channel
imaging instrument. The code is currently capable of synthesizing and analyzing broadband
wavefront sensor data over wide FOVs, however, this takes an enormous amount of computer
RAM and computation time. For example, to create 100 frames for 32 subapertures of size
64 x 64 pixels at 100 wavelengths with 81 Efficient Filter Flow (EFF) patches we need
~ 396 GB of RAM. A complimentary set of 256 x 256 pixel full aperture frames adds
another ~ 396 GB of RAM, meaning we need in excess of 800 GB to create the data set, not
including the buffer arrays used in the process. A memory-conscious approach can be taken
in the data synthesis step, but this requires a full rewrite of the code. More importantly, the
computation time for the monochromatic, isoplanatic solution in Chapter 2 using 8 CPU
threads takes around 30 minutes, which extrapolates to 50 hours at 100 wavelengths. The

height solve step takes around 6 hours, which extrapolates to 600 hours, or a little under
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a month of computation time. The final anisoplanatic solve step takes another 6 hours, so
another month of computation time. In total, a full tomographic solution would require about
two months of computation time, assuming that broadband data require the same number of
iterations to converge to a solution as monochromatic data, which is unlikely to be the case.
The only viable ways forward are to refactor entirely the code to a distributed framework
such as ADMM [73] or migrate the code to a supercomputer such as GSU’s ARCTIC cluster,
which provides 75 million CPU hours each year to researchers. GPU computing, rather than
purely CPU multithreading, could also be useful for speeding up smaller calculations but
the problem is then limited to the amount of VRAM on the GPU and the transfer speed
to move the data from the CPU to the GPU. It also requires a considerable effort to write

efficient GPU kernels that fully exploit the architecture of the available equipment.

5.5 On-Sky Speckle Imaging Validation

There are a wealth of instrumentation projects to pursue based upon of this work. First and
foremost, the results of Chapters 2 and 3 should be validated with on-sky measurements.
This could be done with our 2-channel imaging instrument after the changes in Section 4.3.2
are made. The results of Chapter 2 could be validated using the Sloan ugriz filter set
that is present at Hard Labor Creek Observatory (HLCO) to obtain monochromatic speckle
images. Ideally, we would observe bright binary stars at a range of separations. ¢ Aqr is
a well-studied binary system with a combined brightness of magy, = +3.44 and separation

~ 2.2”, used in the past by [118] to study the effectiveness of their speckle-imaging based
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technique. Conveniently, it also serves as a close comparison to the hypothetical 3” binary
simulated in Chapter 2 and serves as a prime candidate for validation with our technique.
Next, the results in Chapter 3 would ideally be validated by both a calibration source
with a known spectrum, such as a star, and a satellite in LEO. A range of calibration
sources should be observed spanning different spectral types to study the effect of SNR on
the different legs of the imaging instrument. A star like Vega, an A-type main sequence
star, has a well-known spectrum that peaks around 290 nm while a star like Betelgeuse, a
red supergiant, has a spectrum that peaks around 763 nm. Since the instrument is built on
kinematic bases, the dichroic and beamsplitter can be easily swapped to produce optimal
SNR in each imaging leg. Additionally, each type of target presents their own level of
complexity with the cooler stars showing many more spectral lines and absorption bands and
the satellites showing a solar spectrum modulated by each materials’ reflectance spectrum.
With the 2-channel imaging instrument we expect to recover the blackbody shape of the
spectrum and other large-scale features. As for satellites, Starlink satellites are perfect for
this work because they are abundant in the night sky and have simple construction, being
composed mostly of solar panel. We expect then to recover spectra that closely resemble the

solar panel material on board the spacecraft.

5.6 Polychromatic Turbulence Generation

Ideally, the aforementioned broadband imaging instrument would be tested on lab-generated

turbulence before being tested on-sky. The Advanced Reconnaissance of Earth-orbiting
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Satellites (ARES) turbulence simulator is only currently capable of producing monochromatic
turbulence, meaning that a new turbulence generator should be built to produce polychro-
matic turbulence. This can be achieved using a combination of Deformable Mirrors (DMs).
Here, each layer would be simulated using two DMs in a Woofer-Tweeter configuration [119].
This configuration comes about from the limitations of modern DMs where large actuator
strokes come at the cost of less actuators and large numbers of actuators come at the cost
of reduced actuator stroke. In the woofer-tweeter system a DM with high dynamic range
and lower number of actuators is used to produce low spatial frequency deformations in
the wavefront and a second DM with a larger number of actuators is used to impart high
frequency information on the wavefront. Since DMs impart Optical Path Difference (OPD)
directly on the wavefront, rather than altering the phase at a particular wavelength like
SLMs, they are capable of simulating polychromatic turbulence. Polychromatic turbulence
simulation also requires polychromatic sources. In the lab, we are currently in possession
of broadband diodes that produce blackbody spectra for a range of temperatures. This is
useful for simulating binary systems in the lab with variable contrasts, separations, and now

spectral types.
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APPENDIX A

Analytic Gradients

Much of the recovery processes in this work rely on knowledge of the gradient of the mini-
mization criterion function. Below, we list the analytic gradients for each step of our recovery

process. Please refer to the appropriate chapter for a table of variables.
Object Update

First, we will derive the gradients of the cost function under the assumption of purely
Gaussian noise, i.e., wy, = st’nlag?\,. In the monochromatic case (e.g., Chapter 2), the gradient
of the cost function (Equation 2.7) with respect to the recovered object fis

Nepochs Nframes ~ 3
0l;, Oe
; Z a.f aftn 7

n=1

We employed the chain rule to decompose the gradient into independent terms. Below we

show the expression for each term.

N,

aj . patches
t‘“ = Htj;zmpmsf ’
af m=1
Oe -
ajtn == 2wtn(1tn - Itn) 5

Finally,

epochs Nf'ra/mes patches

Y: Z Z Z nmpmS¢ <")tn(ltn Im) . (Al)
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In the broadband case (Chapter 3), the gradient is very similar to Eqn. A.1 with the
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addition of some wavelength-dependent terms.

epochs Nf'rames patches

af Z Z Z ZA)\H nmwpm‘Sl wtn(ftn - ]tn> . (AZ)
w t=1 =1

This gradient covers both the case of anisoplanatic recoveries and broadband objects.

-1
Next, we will consider the case of mixed Gaussian and Poisson noise, or wy,, = sm [I tn +Wh N} .

Qe
? Ol

In this case is changed to,

Oe A . 2
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tn

so that Equation A.2 becomes
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(A.3)
Wavefront Update

First, we will derive the expression for the analytic gradient of € with respect to the recovered
phase sausages ®,,, in the broadband case, since the monochromatic case can be derived from

this.
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Again, we’ve used the chain rule to decompose the gradient into separate terms, all of which

are derived below.

a¢tnw
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The extension from phase to OPD W is simply
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where the additional term is
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Finally,
86 Nepochs Nsuba,ps Npatches N/\ A)\
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X Im{ptnmwFil(F_lptnmw)DTXT watn(ftn - Itn)} .

(A4)

This gradient can be simplified in many ways, such as in the isoplanatic case (Npatehes = 1)

or the monochromatic case (N, = 1, A\ = 1).Under mixed Gaussian and Poisson noise, :—Vf/
l
becomes
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Phase Diversity

To solve for the static phase ¢ we must know the gradient of the cost function (Equation 4.1)
with respect to 950. This is given by

e N Oh, e

0d0 <= 0o Oh,




and each term is given by
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The final gradient is then given by
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